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Preface

Asset pricing theory plays a central role in finance theory and applications.
Every asset, liability or cash flow has a value but an essential problem is,
how to price it. In recent years, people even started talking about pric-
ing an idea as an intangible asset! During the past half century, there
appeared several methodologies to solve this problem. The first method-
ology is based on various economic partial (or general) equilibrium pricing
models. Among these, the best known is Lucas’ consumption-based as-
set pricing model. It links the asset pricing problem with the dynamical
macro-economic theory. However, it is challenged by the well-known equity
premium puzzle as pointed out by Mehra and Prescott in 1985. The issue
is unresolved to-date. The second methodology is based on the so-called
First Theorem in Finance due to Ross in 1976. Specifically, it values an
asset by invoking the no-arbitrage principle in a complete capital market.
This methodology/approach leads to, the well-known Arrow-Debreu secu-
rity, the risk-neutral pricing, the APT (arbitrage pricing theory), and the
equivalent-martingale measure. Interestingly, Sharpe’s CAPM model can
be derived from both methodologies referred to above. The third method-
ology involves the production-based pricing models. It links, in the long
term, the firm economic growth theory with the asset pricing problem. In
recent years, there has been a trend to unify the above methodologies and
views under the title of stochastic discount factor (SDF) pricing models.
Cochrane (2000) has summarized this trend.

In this book, we develop a new theory, which we call the Structural
Theory, for asset pricing thereby putting the SDF pricing model firmly on
a mathematical foundation. It includes a series of original results. Here we
list some of the important ones. We separate the problem of finding a better
asset pricing model from the problem of searching for “no equity” premium
puzzle. The uniqueness theorem and the dual theorem of asset pricing
indicate that, given market traded prices, a necessary and sufficient condi-
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tion for the pricing functional space (or the SDF space) to have a unique
correctly pricing functional (or correctly pricing SDF) is that, the space is
isometric to the asset payoff space. The orthogonal projection operator, in-
troduced in the dual theorem, provides a bijective and valuation-preserving
mapping between the two spaces. A new explanation for the Mehra and
Prescott’s puzzle can be described as follows: (1) The structure of the con-
sumption growth power space is not rich enough to provide an SDF which
is capable of pricing every portfolio in the asset space correctly (i.e., the
two spaces are not isometric), within feasible ranges of the economic pa-
rameters. For example, when the risk aversion is chosen to be less than
5, a big pricing error appears. (2) In order to have no pricing error, given
insufficient structure of the SDF space, the estimated parameter has to be
exaggerated to an unreasonable level. For example, the risk aversion must
be beyond 50 for the U.S market. The structure theory indicates that the
appearance of the equity premium puzzle is relative and it depends on a
matching (or rather a valuation-preserving isometric mapping) between an
SDF space and an asset space. For matching pairs of the two spaces, there
exists a unique SDF to price every portfolio in the asset space correctly.
If the correctly pricing SDF is with sensible economic parameters, then
there is no puzzle. However, if the correctly pricing SDF is with infeasible
economic parameters, we say that the puzzle appears to this SDF space.
Theoretically, given the asset space, we can remove this puzzle by enlarging
the SDF space to one with sensible new economic parameters, for example,
by adding new economic state variables to span a bigger SDF space rather
than extending the range of the parameters in the original (smaller) SDF
space to an unreasonable level. If the augmented SDF space is matched
to the asset space, there is a new SDF that may provide the tool to price
every portfolio in the asset space correctly, with the result that there is no
pricing error and hence no puzzle to the asset space. Alternatively, given
the SDF space, we may, by dropping some assets from the asset space, find
a new correctly pricing SDF with sensible parameters to the reduced asset
space, with the result that we would then see no pricing error and hence no
puzzle to the reduced asset space. In general, mis-matching an SDF space
with an asset space will definitely create some pricing error. The puzzle
is in fact the result of an improper attempt to remove the pricing error.
Using the above theory, it is easy to see why the Epstein-Zin model is less
prone to cause the puzzle. The SDF space generated by the Epstein-Zin
model is richer than the CRRA (constant-relative-risk aversion) based SDF
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space used by Mehra and Prescott in 1985. The Epstein-Zin SDF space is
spanned by two state variables, namely the consumption growth and the
market return. But the CRRA (constant-relative-risk aversion) based SDF
space is only spanned by the single consumption growth state variable.
So, within a relatively reasonable range of the parameters, the Epstein-Zin
based model is capable of achieving a smaller pricing error for the same
asset space.

The symmetric theorem of asset pricing provides a way to value non-
tradable factors, such as economic indices, by reflexively using market as-
sets and their corresponding market prices. The expanding theorem of asset
pricing provides a bottom-up way to construct a correctly pricing SDF for
an asset space. Based on correctly pricing SDFs for subspaces of the asset
space and other covariance information, we can find a unique SDF, in a
minimum complete expansion of the sum of SDF subspaces, to price whole
portfolios in the asset space correctly. The compression theorem of asset
pricing provides a top-down way to construct asset pricing models. To price
well-diversified asset portfolios with K-factor structures correctly, a neces-
sary and sufficient condition for an SDF space to have a unique correctly
pricing SDF is that the SDF space possesses a K-factor structure as well. In
other words, both spaces have no idiosyncratic risk and only K factor risks
are left to be considered. Cochrane (2000) has used this fact without giving
a rigorous proof. A combination of the expanding theorem and the com-
pression theorem can provide a routine way to value portfolios at different
levels. Based on the theory of corporate finance, the theory of interest rate
and the theory of derivative pricing, the valuation of an individual security
has been well developed. However, portfolio valuation, in particular, risk
arbitrage portfolio valuation, well-diversified portfolio valuation or index
valuation, is less well developed. The pricing error theorem of asset pricing
indicates a way of measuring how well a given SDF does the pricing job,
by first projecting it and the unknown correctly pricing SDF into the asset
space, and then measuring the closeness between the two projected proxies
by using, for example, the Hansen-Jagannathan distance. There are three
possible sources of pricing errors: the difference in the means of the proxies,
the difference in the volatilities of the two proxies, and the imperfect cor-
relation between the two proxies. Empirical results suggest that the main
contribution to the pricing error is the difference in volatility.

In a multi-period framework, we propose to link CPPI (constant pro-
portion portfolio insurance) with Merton’s consumption pricing model with
minimal constraint on consumption.
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Throughout this book, various real examples are used to illustrate ideas
and applications in practice.
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School of Economics and Political Science for granting Howell Tong a sab-
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Chapter 1

Introduction to Modern
Asset Pricing

1.1 A Brief History of Modern Asset Pricing Models

The history of asset pricing is more than three hundred years old but Mod-
ern Finance started only about half a century ago. It is generally accepted
that Arrow’s paper entitled Optimal Allocation of Securities in Risk Bear-
ing in 1953 marked the starting point of Modern Finance. In 1874, the
French economist, L. Warlas, introduced the concept of general equilib-
rium, making it the first notion of economic equilibrium in the history of
economics study, which was followed by numerous contributions from many
famous economists. It was only in 1954 that Arrow and Debreu finally gave
a proof to the existence of a general equilibrium.

In Arrow’s paper in 1953, he interpreted a financial security as a series
of commodities in various future states with different values. This inter-
pretation was later refined by Debreu, who incorporated an equilibrium
model over a state space to deal with a financial market so that a security
was nothing but a commodity with different values in different states and
at different times. His notions of a state price and a state security (or
Arrow security) are very popular now. All of these notions are based on
the assumption of a complete financial market, that is, corresponding to
each contingent state, there is an Arrow security to be traded in a financial
market.

When it comes to stock investment, what is its utility? In his doctoral
dissertation entitled Theory of Investment Valuesin 1937, William proposed
an appraisal model of stock that asks investor to do a long-term forecast of
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a firm’s future dividends and check the accuracy of the forecasting. Later,
William described how to combine the forecasting with its accuracy to
estimate the intrinsic value of a stock, leading to the well-known DDM
(discount dividend model).

When Markowitz studied the DDM model, he found that if all investors
follow a DDM model, they would all purchase the stock with the highest ex-
pected return and avoid other stocks. This was obviously counter-intuitive.
So in his seminal paper in 1952, he proposed that investors need to consider
a balance between the return and the risk; indeed he used the mean to de-
scribe the expected return and the variance to describe the risk. With this
framework, he developed a mean-variance efficient frontier in that given
the risk level, an optimal portfolio with the highest expected return is ob-
tained, or equivalently given the expected return level, an optimal portfolio
with the minimum risk is obtained. Based on this efficient frontier, the
well known two-fund separation theorem was developed to help rational
investors to develop optimal investment strategy.

In 1958, Tobin pointed out that when there is a riskless asset, the frontier
becomes a straight line and an optimal portfolio is then a combination of
a risky asset and the riskless asset. In the 1960s, with all investors having
the same expectation, Sharpe, Lintner and Mossin developed the Capital
Asset Pricing Model (CAPM) for a financial market at an equilibrium state.
One of the important contributions from the CAPM is that it links excess
return with the so-called market return. Merton in 1973 developed an Inter-
temporal Capital Asset Pricing Model, which links the excess return of a
risky asset to not only the market return but also several state variables
that will eventually result in multi-factors. In 1976, Ross proposed the
Arbitrage Pricing Theory: given a financial market spanned by a number
of factors, asset pricing of no-arbitrage is based on the results of the factor
premiums and factor sensitivities.

In the 1970s, Lucas developed the consumption-based asset pricing
model, and in the 1990s all the above models were merged into a more
general pricing model, namely the stochastic discount factor (SDF) pricing
model, which we discuss in detail as follows.

Modern consumption theory started in the 1930s, when Keynes in his
famous book The General Theory of Employment, Interest, and Money
proposed an Absolute Income Hypothesis based on the Fundamental
Psychological Law. Specifically,

e there exists a stable functional relationship between real consumption
and income;
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e marginal propensity to consumption is bigger than 0 but less than 1;

e average propensity to consumption is decreasing along with increase
of income.

Compared with Keynes’ absolute income hypothesis, Duesenberry’s rela-
tive income hypothesis in 1949 was an advancement. Duesenberry stressed
the effect of consumption habit. Later, Modiglian and Brumberg (1954)
proposed the Life Cycle Hypotheses and Friedman (1957) proposed the
Permanent Income Hypotheses. The above work laid the foundation of
modern consumption theory.

Modiglian and Brumberg assumed that there is a utility of aggregate
consumption depending on historic and future consumption paths. Fried-
man (1957) divided income into two parts: a predictable income (called a
permanent income) and an unpredictable income (called a temporary in-
come). The Permanent Income Hypothesis claims that an individual con-
sumption is not decided by the income of that period but by a life-long
income i.e. the permanent income. The mathematical tools used by these
authors were deterministic.

In the 1970s, there were two important events that influenced the de-
velopment of the consumption theory: one is Lucas’s (1976) critique on
rational expectation and another is Hall’s martingale model of consump-
tion (1978). Both stressed expectation and uncertainty. Lucas argued that
consumption depends on expected income and Hall proved that consump-
tion follows a martingale process if the preference of the consumer is time-
separable, the utility is of a quadratic form and the interest rate is constant.
Hall’s result shows that the Life Cycle Hypothesis and the Permanent In-
come Hypothesis follow a random walk. Let ¢; denote the consumption at
time ¢ and FE; the conditional expectation given the information set up to
time ¢. Then Hall’s conclusion is

EtCt+1 = C¢, (11)

or equivalently by using the representation of a martingale difference, a
consumption dynamic process follows

Ct41 = Ct + M1 (1.2)

with 7¢41 being a zero-mean normal white noise. Campbell and Cochrane
(2000) stated, ‘The development of consumption-based asset pricing theory
ranks as one of the major advances in Financial Economics during the last



4 Chapter 1. Introduction to Modern Asset Pricing

two decades.” This comes from a very intuitive construction dealing with
the tradeoff between investment and consumption. Specifically, let e; ; be
the endowment of the 4-th agent at time ¢t = 0,1, cft be his consumption of
the j-th commodity (in physical unit or in monetary unit) at time ¢ = 0, 1,
j=1,2,---. Let z; be the payoff of a security which is a financial contract
enforced among agents at time ¢ = 0; the contract promises to pay back x;
units of commodity j at time ¢ = 1. Here, x; is often a random variable.
The action of entering a financial contract is called an investment. Then a
tradeoff is attained, for each agent, if endowment e; o is allocated between
the current consumption C‘g_o and the investment wj ;, which is the number of
contracts (bought or sold) for payoff ;. People with great patience tend to
consume less now and invest more. People with low risk aversion tend to be
more involved in highly risky investments, in the hope of obtaining higher
level of consumption in the future. The equilibrium allocation for each
agent is to maximize his utility, given a budget constraint. Mathematically
this is

maX}{E[ui(co, a)l} (1.3)

Wi

with the budget constraint

Co = Z (/Ji',O = €40 — Zwi?jpj’ (14)
J j

c1 :ZC{J :e¢71+2w¢7ja:j, (1.5)
J j

where p; is the price of the financial contract for commodity j at time ¢t = 0,
u; = ui(co,c1) is a utility function for agent i, and E is the expectation of
a random variable. By a simple calculation, we derive an equation of the
first condition for utility maximization - the so-called Euler equation:

p]:E[IMRSlmJ], j:1,2, 5 (16)

where I M RS; is the inter-temporal marginal rate of substitution given by
IMRS; = gzz;gz‘;, where du;/Oc;, i = 0,1, denotes the partial derivative
of the utility with respect to the consumptions. The pioneers Lucas (1978),
Breeden (1979), Grossman and Shiller (1981), and Hansen and Singleton
(1982, 1983) studied the Euler equation in two ways: (i) To determine the

assets’ prices given the agent’s utility function and the assets’ payoffs; (ii) To

determine, as an inverse problem, the parameters such as the risk aversion in
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IMRS by the GMM estimation procedure in Hansen and Singleton (1992,
1983), given the market prices and asset payoffs.

In recent years, people have started to consider a more general form of
the Euler equation by introducing a random variable m satisfying

p = E[mz]. (1.7)

Then m is called a stochastic discount factor (SDF). This framework in-
cludes the consumption-based asset models, the CAPM, the Ross arbitrage
pricing theorem, the option pricing models and many other popular asset
pricing models as special cases. For further details, the readers may wish
to consult Cochrane (2001).

Alternatively m is called a state price density (SPD), which is a very
popular name in the risk-neutral pricing world.

1.2 The Equity Premium Puzzle

The so-called risk premium is a monetary cost of uncertainty. Its general
definition is as follows.

Definition 1.2.1 Suppose we are given an initial wealth wy and investment
Il = (p1,21;D2,@2; " ; Pn, T ), in which the investment has an outcome x;
with probability p;, i = 1,2,--- ,n; here x; could be money, a commodity or
some other type. Let w = wq + x be the terminal wealth. Let r be a real
number satisfying

u(Fw —r) = Elu(w)], (1.8)

where u(-) is a wutility function, E is the expectation, and x =
{z1,22, - ,xn}. Then r is called the risk premium.

An intuitive interpretation of the risk premium is that an investor with
utility u is indifferent to risky investment w and a deterministic investment
(such as bank’s deposit) with a fixed payoff Fw — r. To a risk averse
investor, we expect that » > 0. By the no arbitrage principle, we can see
Ew—r = Ry, where Ry is a risk-free interest rate. That is, for a risk averse
investor to enter the risky trade w, the expected return of w must be higher
than the risk-free interest rate by

Ew =Ry +r,

so r is an expected excess return to compensate the investor for entering
the risky trading. When z is an equity, the risk premium becomes an equity
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premium. It is the difference between the expected equity return and the
risk-free interest rate.

Mehra and Prescott (1985) announces a surprising discovery to the fi-
nancial economics community, which later becomes the well-known equity
premium puzzle. The puzzle says that there exists a substantial difference
between the equity premium estimation by using the U.S. historical stock
market data and that by a slight variation of the Lucas model (1978) based
on the U.S. aggregate consumption data, unless the risk aversion parameter
is raised to an implausibly high level. In the above, we have described briefly
a justification for the consumption-based asset pricing modelling. Now, the
puzzle represents a serious challenge to the development of Financial Eco-
nomics. Since its announcement, it has attracted the attention of many
financial economists. Specifically, Mehra and Prescott (1985) starts with
the problem of seeking an optimal solution for the following maximization
problem, which is a variation of the Lucas model (1978) in a pure exchange

economy:
oo

max Ey Zﬁtu(ct)l , 0<p<1, (1.9)
- t=0

subject to the budget constraints above, where 3 is a subjective discount
factor. The utility function is restricted to be of constant relative risk
aversion(CRRA) and takes the form

=7 -1

1.1
— (1.10)

where +y is the coefficient of relative risk aversion. After some calculations,
the following Euler equation emerges

Ct41 -
g (—> xt—i—l] ) (1.11)
Ct

where p; is the market price at time ¢, x441 the stock’s payoff at time ¢+ 1
with x441 = py+1 + dit1, and dy41 the stock’s dividend.

Turning to empirical analysis, the paper finds that the average real
return on the riskless short-term securities over 1889-1978 period is 0.8%
and the average real return on the S&P 500 composite stock index over the
same period is 6.98% per annum. This leads to an average equity premium
of 6.18%. By varying ~ between 0 and 10, and 3 between 0 and 1, they find
that it is not possible to obtain a matching sizable equity premium. The

pe = I}
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largest premium from the simulation is only 0.35%! The paper concludes
that their model of asset returns is inconsistent with the U.S. data on
consumption and asset returns.

Given the market traded prices of some risky assets and the riskfree
asset, the aim is to check if an SDF can price them correctly. Instead
of checking the Euler equation directly, which is often complex, let m be
the SDF that, according to the Euler equation, incurs no pricing error to
the risky assets and the riskfree asset. Then Hansen and Jagannathan
(1991) shows that there exists a relationship between m and the assets by
introducing an upper bound for the so-called Sharpe ratio of the returns of
risky assets, namely

|ER — Ry|

< SR™T (1.12)
OR

where R is the (aggregate) return of the risky assets, ER the expectation
of R, Ry the return of the riskfree asset, or the volatility of R and
SR™ the theoretically maximal Sharpe ratio. Here, SR™** = o,,/Em,
where o, is the volatility of m and Em the expectation of m. This latter
ratio is called the Hansen-Jagannathan bound, or the H-J bound for short.
There are two ways to exploit it. First, the absolute value of the Sharpe
ratio of the return of risky assets has an upper bound given the SDF. In
other words, any risky asset with a Sharpe ratio higher than the SR™**
cannot be correctly priced (i.e. priced with no pricing error) by the SDF
m. Alternatively, a necessary condition for an SDF candidate to be capable
of pricing the assets correctly is that its SR™*" must not violate a lower
bound which is given by the maximum of the Sharpe ratios of the assets to
be priced correctly. Either way the H-J bound provides us with a necessary
and quick way to check whether the Euler equation is satisfied.

When the SDF m is given by the CRRA utility, we have m = 3(Z) ™.
Using the yearly U.S. economic and stock data, the inequality (1.12) is
overwhelmingly violated, unless the risk aversion parameter v reaches an
extremely high level, say between 25 and 50 or even high. Mathematically,
the puzzle can be stated as follow.

Given a series of payoffs {x;} for risky assets and their corresponding
market prices {p;}, let candidate SDF m be a series of SDFs given by
{m = my, 0 € O}, where © is a parameter space in R. Let ©; be a
subspace of ©® whose range is feasible economically. For example, © can be
defined by © = {7 |0 < v < 1000} and ©; by ©1 = {7 |0 < v < 5}. Then
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a ‘parameterized’ equity premium puzzle takes the form
p; # E[mgx;] for some ¢ and V0 € Oy, (1.13)
but
pi = Elmga;] for all ¢ and for some 6 € ©. (1.14)

Hansen and Jagannathan (1997) introduces a distance to measure pric-
ing errors for given asset pricing models. The distance becomes the well-
known Hansen-Jagannathan distance. Both the H-J bound and the Hansen-
Jagannathan distance are powerful ways to evaluate asset pricing models.

Kocherlakota (1996) points out that there are three possible ways to
resolve the equity premium puzzle.

e Introduce progressively a more complex form of the utility function,
e.g. by some judicious modification of the standard power utility
function if time and state are separable, or by adopting a completely
new form of the utility function if time and state cannot be separated.

e Traditional asset pricing models make the strong assumption that as-
set markets are complete, but the real world is not like that. Acknowl-
edging that the market is incomplete in one’s asset pricing model is
one way to resolve the equity premium puzzle; this will be a new
direction.

e Trading costs, such as taxes and brokerage fees, should be included in
the asset pricing model because their effects on the equity premium
cannot be ignored.

Mehra (2003) points out that the equity premium puzzle is a quantitative
puzzle. The puzzle arises from the fact that a quantitative prediction of eq-
uity premium is much different from what has been historically documented.
The puzzle cannot be dismissed lightly because our economic intuition is
often based on our acceptance of models such as CCAPM (Consumption-
based CAPM). Therefore, the validity of using such models for any quan-
titative assessment has also become an issue.

Over the past 20 years, attempts to resolve the puzzle have become a ma-
jor research activity in Finance and Economics. Many different approaches
have been adopted. These include, among many others, the recursive util-
ity model by Epstein and Zin (1989,1991) and Weil (1989,1990), the habit
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formation model by Constatinides (1990), Abel (1990), and Campbell and
Cochrane (1999), the three-state economy by Rietz (1988), the survivor-
ship bias by Brown, Goetzmann, and Ross (1995), the idiosyncratic risk
and incomplete markets considered by Mankiw (1986), Lucas (1994) and
Telmer (1993), the generalized heterogeneous consumers specified by Con-
stantinides and Duffie (1996) and Brav, Constantinides and Geczy (2002),
the market imperfections models by Aiyagari and Gertler (1991), Alvarez
and Jermann (2000), Bansal and Coleman (1996), Constantinides, Don-
aldson and Mehra (2002), Heaton and Lucas (1996), and McGrattan and
Prescott (2001). In fact, hundreds of papers have been published in the Fi-
nance and Economics literature that are devoted to the puzzle. The puzzle
is not only relevant to the foundation of the theory of Financial Economics
but also crucial to the financial industry for such activities as the long-term
asset allocation for pension funds, whose market size currently exceeds one
trillion U.S. dollars. In the following, we give a brief introduction to some
of the recent developments.

I. Preference Modifications
I.a Generalized Expected Utility

The standard preference class used in macroeconomics consists of time-
and-state-separable utility functions. From the empirical analysis of Mehra
and Prescott (1985), we know that the CRRA preference can match the
observed equity premium only if the coefficient of relative risk aversion is
implausibly large.

Epstein and Zin (1989,1991) present the notion of generalized expected
utility preference (GEU) that allows independent parameterizations of the
coeflicient of risk aversion and the elasticity of inter-temporal substitution.
The recursive utility, U;, is given by

U, = [C%*P 4 Q(EtUtl;la)(1*p)/(1*0t)]1/(1*,0)7 (1.15)

where « measures the relative risk aversion and 1/p the elasticity of inter-
temporal substitution. In contrast to the historical average risk premium
of 6.2% and the largest premium obtained by Mehra and Prescott (1985)
of 0.35%, Epstein and Zin’s results in 1991 show a low riskfree rate and
an average equity premium of roughly 2%. In their words, their GEU
specification only partially resolves the puzzle. Weil’s model in 1990 is very
much like that in Epstein and Zin (1991). It is very interesting to note that
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the Epstein-Zin model gives a two-factor representation for the premium
by
i

Eiripr — 11 + 5

= ECOUt (Tt+1 ; ACt+1)

+ (1 —0)covy(regr, mpy1)- (1.16)

For detailed derivation, see, e.g., Campbell and Viceira (2002, p. 45). We
shall give a new result later in the form of (Theorem (3.3.5)), which shows
that this two-factor structure of the Epstein-Zin model is the key to the
superior performance of the model over models of the CRRA type.

I.b Habit Formation

Abel (1990) and Constantinides (1990) consider the effects of consumption
habit on the decision making of individuals. Constatinides specifies a utility
as follows:

o~ s (Cops = Acpps1)' ™
U(c)—EtZO:ﬂ — . A>0, (1.17)
where A is a parameter that captures the effect (or habit) of past con-
sumption. This preference ordering makes individuals extremely averse to
consumption risk even when the risk aversion is small.

Abel (1990) provides another kind of habit formation by defining utility
of consumption relative to the average per capita consumption. The idea is
that one’s utility depends not only on the absolute level of consumption but
also on how one is doing relative to others. In contrast to Constantinides
(1990), the per capita consumption can be regarded as the ‘external’ habit
formation for each individual. Again we shall give new results later to show
why such a setup is to do with a more complex utility that goes back to
Kocherlakota’s point above.

Campbell and Cochrane (1999) specifies habit formation as external,
similar to Abel (1990), and took the possibility of recession as a state
variable so that a high equity premium could be generated.

As it turns out the habit formation models have only limited success as
far as resolving the equity premium puzzle is concerned because effective
risk aversion and prudence become improbably large in these models.
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I1. Incomplete Markets

Instead of assuming all the agents are homogeneous, Mankiw (1986) argues
as follows. There are infinitely many consumers who are identical ex ante,
but their consumptions are not the same ex post. The aggregate shocks to
consumption are assumed to be not dispersed equally across all individuals
but only affect some of them ex post. Under the assumption of incomplete
markets, Mankiw shows that representative agent models are not effec-
tive as approximations to a complex economy with ex post heterogeneous
individuals.

Lucas (1994) proposes a more general model than Mankiw (1986) by
assuming undiversified shocks to income and borrowing, and short sale
constraints at an infinite time horizon. In her model, individuals cannot
insure, ex ante, against future idiosyncratic shocks to their income. She
showed that individuals with a bad idiosyncratic shock can effectively self-
insure by selling financial assets to individuals with good luck by trading.
Hence, idiosyncratic risks to income are largely irrelevant to asset prices
with trading even when the borrowing constraints are severe. To resolve
the equity premium puzzle requires more than closing forward market for
labour income. Telmer (1993) considers much a similar incomplete market
model as Lucas (1994) by assuming two heterogeneous consumers with
different consumption stream in the economy. His research supports Lucas’
conclusion.

Constantinides and Duffie (1996) assumes that consumers are heteroge-
neous because of uninsurable, persistent and heteroscedastic labour income
shocks at each time period. The paper constructs a model in which the Eu-
ler equations depend on not only the marginal rate of substitution (MRS)
at the aggregate level but also the cross-sectional variance of the individ-
ual consumption growth. Continuing the work of Contandinides and Duffie
(1996), Brav, Constantides and Geczy (2002) considers the case of asset
pricing with heterogeneous agents and limited participation of households
in capital markets. Their empirical analysis reveals that relaxation of the
assumption of complete consumption insurance is helpful in resolving the
equity premium puzzle.

ITI. Liquidity Premium and Trading Costs

Bansal and Coleman (1996) gives a monetary explanation for the equity
premium puzzle. In their model, assets other than money play a key
feature by facilitating transactions. Using empirical evidence, the paper
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claims that half of the equity premium can be captured by their model.
Some economists try to explain the equity premium puzzle via transaction
costs. For example, McGrattan and Prescott (2001) proposes an explana-
tion based on changes in tax rates. Heaton and Lucas (1996) finds that the
differences in trading costs across stocks and bond markets have to be very
high in order to resolve the equity premium puzzle with transaction costs.
Kocherlakota (1996) even shows that to match the real equity premium,
the trading cost have to be implausibly high.

Mehra (2003) gives a comprehensive summary of recent developments;
the puzzle remains open.



Chapter 2

A Structural Theory of Asset Pricing
and the Equity Premium Puzzle

In this chapter we introduce a new theory of asset pricing, which we call
the structural theory. Applying it to the equity premium puzzle, we shall
be able to see when the puzzle is a puzzle and when it is not.

2.1 Construction of Continuous Linear
Pricing Functionals and No-arbitrage
Conditions

Let (9, F, P) be a probability space and H = L?(f2, F, P) be a contingent

claim space. Let {x1, 22, - ,2p, - } be a sequence of random payoffs in H.
Let S, be the linear space spanned by zy,--- ,x, in H. Let & = U2, 3y,

so that any x in & is a random portfolio return from some finite subset of
the assets. Let & be the closure of & in H. It is well known that H
is a Hilbert space , separable or not separable, under the inner product
< x, y >= E[zy]. Therefore the asset payoff space (or the asset space
for short) & is a Hilbert space as well by recalling the fact that any closed
linear subspace in a Hilbert space is still a Hilbert space. For n > 1, let X,

be the covariance matrix of =™ = (x1,--- ,x,) and we assume that %, is
non-singular. Therefore ¥, is positive-definite. Given payoffs z1, -, z,,
a Gram-Schmit orthogonalization procedure leading to ey, - ,e, is

13
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given by
y1 = 1 and setting e; = x1/||y1]]
Yo = xo— < xa,e1 > e1 and setting es = yao/||y2||
N (2.1)
Yp = Tp — Z < Xp,€; > e; and setting e, = yn/||ynl]-
i=1
The sequence ey, - - - , e, has the property that < e;, e; >=0 for i # j and

< ei,e; >=|lej]|> =1 for i = 1,---n. Interested readers may consult Lax
(2002, Chapter 6) for more detail.

Lemma 2.1.1 The linear subspace 3y, is spanned by the orthonormal basis
{e1, -+ ,en}, in which ¢, the covariance matriz of {e1, -+ ,en}, is non-
singular if and only if 3, is nonsingular.

Proof: We prove sufficiency first. When ¥, is nonsingular, we know that
for each x;, < m;, x; >= ||z;]|> > 0 because otherwise ¥,, is singular.
Similarly if y; = 0 for some i, then x; is linearly dependent on z1,- -, z;_1.
This implies that ¥,, is singular. We must have ||y;|| > 0 for ¢ = 1,---n.
Therefore we can use the Gram-Schmit orthogonalization procedure above
to produce an orthonormal base eq,--- , e, for S, satisfying

(elv"' aen)T :An(xlv"' axn)Ta (22)

where T refers to the usual transpose operation in matrix algebra. A, =
(@i ;) has the property

0 if j >4
i ={sient 6125 2
We turn to necessity next. If &), is spanned by an orthonor-
mal basis {ej,---,e,}, there are two matrices A and B satisfying
(e1, -+ en)t = An(z1,- ,2,)T and (z1,-,2,)T = Buler, - ,en)T.
Hence (e1, -+ ,e,)T = A,Bu(er,---,e,)T. By the orthogonality of
e, - ,en, we have A, B, = I, where [ is the nxn identity matrix. We have

Y, = B,X¢BL. Since both B and ¢ are nonsingular, ¥, is nonsingular.

Q.E.D.

Lemma 2.1.2 Let {ey, - ,en, -} be the orthonormal payoffs generated
from the Gram-Schmit orthogonalization procedure above. Let Hy denote
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the space {x € H| x = Y02, aije;, Y oo, a? < oo}. Then we have S = Hj.
In other words,  is spanned by the orthonormal base {e1, e, - ep, -+ }.
Furthermore let S = {z |z = Y77, a;z; with Y7, a? < oo}. Then S is a

linear subspace of 3.1

Proof: Obviously H; is a Hilbert space. For each z in H; with z =
o2, aie;, define ™ = > ase;. By Lemma 2.1.1, 2" € S,. Hence
z = limp_o2” € . Therefore H; C <. On the other hand, if there
exists an z € & but z ¢ Hy, then since H; is a closed subspace of S, we
have z = y+ e with y € Hy, e € S — Hy, and € # 0. Then, fori =1,2,---,
< €,e; >= 0. However, since € € S, there is a vector €” in J,, satisfying
limy—oo€™ = €. Since € = Y1 | aje;, < €,€" >= 31" a; < €,e; >= 0,
therefore < €,¢ >= lim, .o < €,€¢” >= 0. This implies ¢ = 0, which is a
contradiction. Thus, we must have S C Hy. Hence, we have & = Hy. Let
z € S with z = Y;°, a;x; and define 2" = Y " | a;x;. Then 2" — z in
H. On the other hand, by Lemma 2.1.1, 2" € S, and since S is closed, we
obtain z € 3. Hence S C S.

Q.E.D.

Definition 2.1.3 Pricing Functional: Let I be an ordered set such as
I={1,---,n}, or I ={1,2,---}. Let {x;,i € I} be a sequence of payoffs
from the assets and {p;, i € I} be a corresponding sequence of observed
market prices in the asset market. Then a pricing functional 7 is a mapping
Jrom Sp = span{x;, i € I} = {a |z =Y, wir; with Y, w? < oo} to R
(the real line) given by

m(x)={p |p= Zpiwi in 1% for some (2.4)
iel
w € I? such that 2 = Zwixi in H. (2.5)

3

Definition 2.1.4 Law of One Price: All portfolios with the same payoff
have the same price. That 1is,

if ZM% = Zwiml thenZwipi = Zw;pi (2.6)

i€l el iel el

for any two portfolios w = {w;, i € I} and w' = {w}, i € I}.

IWe will have S = S only under very stringent conditions.
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Lemma 2.1.5 The Law of One Price holds if and only if the pricing func-
tional 7 is a linear functional on Sy.

Proof: If the Law of One Price holds, then the mapping 7 is single valued.
To prove linearity, consider payoffs z,2’ € S; such that z = ), w;x;
and o' = ), ; wix; for some portfolios w and w’. For arbitrary a,b € R,
then payoff ax + ba’ = (ax; + bz}, i € I) can be generated by the portfolio
aw +bw'" = (aw; + bw;, i € I') with the price p(aw +bw') = >, ; pi(aw; +
bw;) = a) ,.;piw; +b) . ; piw;. Because  is single valued, we have

m(az + bx') = plaw + bw') = apw + bpw' = aw(z) + br(x’).

Thus 7 is linear. Conversely, if 7 is a linear functional, then the Law of
One Price holds by definition.

Q.E.D.

The continuity of 7 is linked to no-arbitrage. Kreps (1981) gives a
relationship between arbitrage and continuity of 7 in a very general setting.
Here we use Chamberlain and Rothschild’s no-arbitrage assumption (1983,
assumption A (ii)).

Assumption 2.1.1 Let x" be a sequence of finite portfolios in . Let

V(2™) denote the variance of x™ and E(x™) the expectation of x™. If
V(z") — 0, w(z™) — 1, and E(2") — «, then a > 0.

Lemma 2.1.6 If Assumption 2.1.1 holds, then w is continuous.

We omit the proof, which is straightforward, but refer to Chamberlain and
Rothschild (1983, Proposition 1).

Since 7 is continuous on <, it is easy to prove that 7 is bounded on
. Then according to the Hahn-Banach Theorem (e.g. Lax 2002, Chapter
3), m can be extended to a bounded linear functional 7 on H such that on
S, @ = 7. Hence by the Riesz Representation Theorem (e.g. Lax 2002,
Chapter 6), there is a unique element m € H satisfying

Ve € H, 7(x) =<m, x >= E[mx]. (2.7)

Since J is a closed linear subspace of H, we have an orthogonal decompo-
sition such that

m = x* +my where z* € S and m; L (2.8)
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Therefore we have Va € &,
m(x) =7(z) =<m,z >=< 2",z >= Elx"z]. (2.9)

Since 7 is a continuous extension of 7, in the following, we will omit the
notation 7 and use simply 7 only.

Clearly m is a stochastic discount factor (SDF). In the following, we will
use the following terms and acronyms interchangeably: pricing functional,
SDF, state price density and SPD.

2.2 The Structural Theory of Asset Pricing — Part 1

Given the traded prices of assets in a market, the popular steps to search a
proper SDF are as follows. First, a family of SDF candidates {SDF'(6)}gco
is formed, where © is a parameter space. For example, in the constant
relative risk aversion (CRRA)’s case, SDF(0) = IRMS(gc, A, 5), where g,
is the growth of the aggregate consumption, A the risk aversion parameter
and [ an impatience parameter. Second, some estimation method, such as
the GMM estimation procedure, is used to estimate the parameters. Hansen
and Singleton’s treatment (1982) for the CRRA model is an example. In
section 1, we demonstrated that A ~ 30, which led to the so-called equity
premium puzzle.

Now, we first define what we really mean by correct pricing and then
discuss conditions which determine whether correct pricing will result or
not.

Let X = 3, or X = § according as the asset space for assets is finite
or infinite. Let p = {p1,---,pn} or p = {p1,-+* ,Pn, -} be the market
price vector depending on whether we have a finite number of assets or an
infinite number of assets. Let 7 denote the linear continuous functional on
X satisfying

pi = m(x;) with p; #0 fori=1,2,--- 2 (2.10)

and for each i. Here we assume that p; cannot be obtained through pric-
ing a portfolio of the payoffs {z;} other than x;, that is they satisfy the
parsimoniously pricing condition

Vo € span{wy, -, Ti—1,Tiy1,  ,Tn}, Di £ w(X). (2.11)

2p; = 0 means that a free contract is allowed. Here we assume that no free contract
exists in the asset market.
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Definition 2.2.1 Under the above setup, w is called a correctly pricing
Junctional (CPF) for the asset space X, given the market prices. Let m be
an SDF. If the pricing functional @ (i.e., Vo € X, w(x) = E[mx]) induced
by m is a CPF, then m is called a correctly pricing SDF.

Obviously, a CPF to an asset space with feasible economic parameters will
mean there is no equity premium puzzle for the asset space. According to
the definition, a CPF and a correctly pricing SDF are equivalent notions.

Define an inner product in the dual space X* of X by < m, 7’ >=<
¥, (x*) >, where 2* and (2*)’ are the Riesz representations in X of 7 and
7’ respectively. It is well known that X* is a Hilbert space. (See Lax (2002)
for example.)

Assumption 2.2.1 When X = S, lim,—c0 Y1y wfn < 00, where w" =
(Wi s s Wun)? for n > 1 given by the equation w™ = A,p", A, is the
Gram-Schmit orthogonalization matriz in (2.3) and p™ is the market price
vector p™ = (p1,--+ ,pn)?.

Lemma 2.2.2 Existence of CPF These is a unique correctly pricing
SDF in X, with the understanding that Assumption 2.2.1 applies if X = .

Proof: First consider the case X = S,,. Select an m € X such that
pi = Elmaz;], i =1,---n. (2.12)

Since m = Z;.Lzl wje;, pi = Z?:l wjElejz;). Since z; = Y p_, bikex,
where B,, = A,! and A, is the Gram-Schmit orthogonalization matrix
in (2.3), we obtain p; = 2?21 bijwj. Let p* = (p1,--+ ,pn)’ and w™ =
(wi,-++ ,w,)T. Then p" = B,w". Therefore if we let

W = Anp", (2.13)

then m = Z?:l wje; is a correctly pricing SDF in X. The above argument
also indicates that for any correctly pricing SDF in X, it must always follow
equation (2.13). This mean that it is unique. For the case X = 3, define
an SDF m" = >"/'_, wg nex, where w™ = (wyp, - ,Wyn) T is given by
(2.13). Under Assumption (2.2.1) and since X is complete, we see that m'
converges to an m € X. For each ¢ > 1, let n > i. We have E[m"x;] = p;
by using (2.12) and (2.13). Letting n — oo, we obtain E[muz;] = p; for
i =1,2,---. So m is a correctly pricing SDF in X. If there is another m’
in X which is also correctly pricing, then E[me;] = E[m’e;], j =1,2,---
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since each e; is a linear combination of {z;}. Vo € X, = = Z;’;l wje;.
Hence E[mz] = E[m'z]. By letting = m — m/, we have E[m —m/]?> = 0.
Then m = m’ in X. Therefore the correctly pricing SDF m is unique in X.

Q.E.D.

We have the first main result of the structural theory in the form of the
following theorem.

Theorem 2.2.3 (Uniqueness Theorem of the minimum correctly
pricing functional space) Let X* be the dual space of X, that is, X*
is the set of all linear continuous functionals on X. Suppose F is a closed
and linear subspace of X*. Then F' has a unique correctly pricing functional
(CPF) if and only if F = X* subject to the understanding that if X = S,
Assumption 2.2.1 applies.

Proof: Consider the necessary condition first. For all z € X, either z =
dojmpajej or x = > 22 aje; since X = 3y, or X = Q. For simplicity
of notation, we denote z = >_,aje;. From Lemma 2.2.1, let {e;} be the

orthonormal base of X. Define a linear pricing functional m; by
Vo e X, mj(z) = Ele;x]. (2.14)

It is easy to see that < m;, m; >=<e;,e; >=01if i # j and < m, 1 >=<
ei,e; >= 1. Suppose that 7 is a pricing functional satisfying < =, 7; >=0
for all j. Then Vo = 3 aje; € X, n(z) = Elz*z] = >, a;E[x"e;] =
Zj a; < m,m; >= 0, where * is the Riesz Representation of m in X. This
implies that 7 = 0. We obtain that {7;} is an othornormal base for X*.

Suppose that 7 is a CPF. Then we have

= Zajﬂ'j, (2.15)
J

in X*. If ' # X*, then there exists a 7, satisfying m;, ¢ F. By the repre-
sentation in (2.15), 7=3_, ;. a;m;. Hence m(ejo)=>; ;. a;mi(ej,)=0.
Using the Gram-Schmit orthogonalization equation (2.1), we have p;, =
m(zj,) = Zz;ll cim(x;) = W(Zz;ll ciz;). However, this violates the assump-
tion of the parsimoniously pricing condition (2.11). We must therefore have
m(ej,) # 0. This is a contradiction. Thus, FF = X*.

We turn to sufficiency next. On using Lemma 2.2.1, there is a unique

correctly pricing SDF m in X. Let pricing functional 7 be induced by m.
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Dual Space:
pricing functional space

“““““ Unique pricing functional

Figure 2.1: The Uniqueness Theorem of the minimum correctly pricing
functional space.

That is Vo € X, w(x) = E[mz]. Then 7 is a CPF in F = X*. Suppose there
are two CPFs, say m and o, in F. When X = S, since 7 (x;) = ma(z;)
fori=1,---,nand S, = span{z1, - ,x,}, we have m; = w5 in F. When
X =G, Vr € X, let 2" € 3, satisfy 2™ — z in X. Since 71(z") = ma(2"),
by letting n — oo, we have 7 (z) = ma(z). Hence m; = my in F.

Q.E.D.

The implication of Theorem (2.2.3) is that, in order to price correctly,
we need to search those pricing functionals in a candidate space that is
isometric to a corresponding linear continuous pricing functional space.
Note that a proper subspace of the linear pricing functional space does not
contain a CPF. See Figure 2.1 for an illustration.

Very often, we use some SDF's or state price densities in the claim con-
tingent space H to form a candidate space of pricing kernels. We introduce
the following definition.

Let M be an SDF linear subspace in H. Let asset space X = &, or
S. Let T be an orthogonal projection operator from M to X, that is,
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Vm € M, T(m) € X such that Vo € X, E[(m — T(m))z] = 0. We denote
it by T(m) = E[m|X].?

Obviously the orthogonal projection operator preserves the original val-
uation, namely Vo € X,m € M, E[mz] = E[T(m)z]. We are now ready to
state the second main result.

Theorem 2.2.4 (Dual theorem for correctly pricing SDF space
and asset payoff space) M has a unique correctly SDF if and only if
the orthogonal operator T is a continuous linear bijective operator from M
to X, subject to the understanding that if X = S, then Assumption 2.2.1
applies.

Proof: We start with the necessity. ¥Ym € M, define a linear functional
Tm by Vo € X, mp,(x) = E[mz]. Since M has a unique correctly pricing
SDF, there is a unique CPF in F = {m,|m € M}. According to Theorem
222, F = X*. So Vy € X, define a linear continuous functional 7, by
Vo € X, my(x) = Elyz|. Since X* = F, there exists a m,,, € F such that
Ty = Tm,. In other words, Vo € X, Eyz] = E[myz]. Now we define a
mapping S from X to M by

S:ye X - my, € M. (2.16)

First we show that S is a single-valued mapping. Suppose there are two
mappings, say m, and m;, satisfying Vo € X, Elyz] = E[myz] and E[yx] =
E[myx]. This implies that E[(m, —m})z] =0, Yz € X. This means that
my—m;jJ_X. Let mg be the correctly pricing SDF in M. Then we know that
mo~+(my —m'y) is also correctly pricing for X. By the uniqueness of correctly
pricing SDF, we have m, —m/ = 0. Hence S is a single-valued mapping.

Secondly we show that S is suyrjective. VYm € M, we have m,, € F = X*.
Using the Riesz Representation Theorem, there is an x,, € X satisfying
Vo € X, Elmx] = mp(z) = Elz,z]. Again by the uniqueness of correctly
pricing SDF, we have S(x,,) = m,, = m. Hence S is surjective. Suppose
that y,z € X,y # 2z, my = m,. This means that Vz € X, E[(y — 2)z]| =
E[(my —my)z] = 0. Let z = y — z. Then E[y — z]?> = 0, which means that
y = z. This is a contradiction. So, S must be injective. Hence S is bijective.
Since for any two real numbers a and b, Vo € X, E[(ay + bz)z] = aFlyz] +
bE[zz] = E[(am, + bm;)z]. We can see that S is linear. Vm € M and
Vo € X, E[mz] = E[S™!(m)z]. That is E[(m — S~*(m))z] = 0,Vz € X.

3 An orthogonal operator does not have to be a conditional expectation operator.
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SDF Space

S: bijective valuation-preserving S T=5" T: orthogonal projection

mapping

Figure 2.2: The Dual Theorem between an SDF Space and an asset payoff
space.

This means that S~! is the orthogonal operator from M to X. Therefore
T = S7'. Clearly T is linear. Let my — m in M as k — oo. For
continuity of T, we need to show that T(my) — T(m) in X as k — oo.
By the orthogonality of T, Vo € X, E[(my —m)x] = E[(T(my) — T (m))x].
Let * = T(my) — T(m). Then we have E[T(my) — T(m)]?> = E[(my —
m)(T(my) — T (m))] < /E[mi, —m]2\/E[T(mg) — T(m)]? by the Cauchy-
Schwartz Inequality. Hence /E[T(my) — T(m)]? < \/E[my —m]2. This
implies that 7" is continuous and ||T'|| = 1, completing the proof of necessity.

We turn to sufficiency next. We have the existence of a unique correctly
pricing SDF in X from Lemma (2.2.2). Then we use operator S to map it
into space M. Hence there is one correctly pricing SDF in M. The unique-
ness of correctly pricing SDF in M follows from the injective condition of
the operator T and Lemma (2.2.2).

Q.E.D.

2.3 Is the Equity Premium Puzzle Really a Puzzle or
not a Puzzle?

The implications of Theorem (2.2.3) and Theorem (2.2.4) are very impor-
tant. They indicate that, given market traded prices, a necessary and
sufficient condition for the pricing functional space (or the SDF space)
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Figure 2.3: Implication of the Dual Theorem.

But

SDF Space Bigger SDF Space

=

More than one
correctly pricing
SDFs

to have a unique correctly pricing functional (or correctly pricing SDF)
is that the space is isometric to the asset space. The orthogonal projec-
tion operator, introduced in the dual theorem, provides a bijective and
valuation-preserving mapping between the two spaces. See Figure 2.3 for
an illustration.

The structural theory indicates that whether there is an equity premium
puzzle or not is relative; it depends on the existence of a matching (i.e. a
valuation-preserving isometric mapping) between an SDF space and a re-
lated asset space. For matching pairs, there always exists a unique SDF to
price correctly every portfolio in the asset space. If the correctly pricing
SDF is with sensible economic parameters, then there is no puzzle. How-
ever if the correctly pricing SDF is with infeasible economic parameters,
we say that the puzzle appears in respect of this SDF space. Theoretically,
given the asset space, we can remove the puzzle by enlarging the SDF space
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to one with sensible new economic parameters, for example, by augment-
ing new economic state variables to span a bigger SDF space rather than
by extending the range of the parameters in the original SDF space to an
unreasonable level. If the augmented SDF space is matched to the asset
space, we may find a new SDF to price correctly every portfolio in the
asset space that incurs no pricing error. In this case, we have no puzzle.
Alternatively, given the SDF space, by dropping some assets from the asset
space we may find a new correctly pricing SDF with sensible parameters
to the reduced asset space. In this way, we can incur no pricing error and
hence there is no puzzle in respect of the smaller asset space. In general,
any mis-matching of an SDF space and an asset space will definitely create
some pricing error. The puzzle can then appear as a result of an improper
attempt to remove the pricing error.

We shall give two examples to illustrate the power of the new structure
theory.

For the first example (2.3.1), the structural theory offers a new ex-
planation of the Mehra and Prescott’s puzzle: (1) The structure of the
consumption growth power space is not rich enough to provide an SDF
that is capable of pricing every portfolio in the asset space correctly (i.e.,
the two spaces are not isometric), within feasible ranges of the economic
parameters. For example, when the risk aversion is chosen to be less than
5, a big pricing error appears. (2) The structure of the SDF space used is
insufficient so much so that the estimated parameter has to be exaggerated
to an unreasonable level (e.g. beyond 50 for the risk aversion in the U.S.
market) in order to incur no pricing error.

Example 2.3.1 (The CRRA based SDFs) Here we consider the CRRA-
based SDF family Mk = {m = p(2)™", 0 <y < K, 0 < < 1} and
assume that there is only one risky asset to be priced. That is X = 1 =
{ax |Va € R}. Given market price p for payoff z, a correctly pricing SDF
(also called a pricing kernel) in X is ax with a = p/E[x?]. Given an m, its
orthogonal projection on X is T(m) = E[m|z] = bz with b = E[ma]/E[z?].
Then m is a correctly pricing SDF if and only b = a, and the identity holds
if and only p = E[mx]. Define gross return R by R = x/p. Then we need
to check

1 = E[mR). (2.17)

Let g be the consumption growth given by g = ln(g—;) Then m = Be~ 9. It
is conventional to assume that the asset’s gross return R and the consump-
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tion growth g are jointly normally distributed, i.e. (R, g) ~ N(u, ), where
the mean vector u = (g, j1g)" and the covariance matriz

o 0% pO’RQO'g .
PORO o
Here, p is the correlation coefficient between R and g, or and o4 the volatil-

ity of R and g respectively, and ur and pg the mean of R and g respectively.
Using the Stein Lemma,

E[mR] = cov(e” "7, R) + E[m]E|R]
= —vBEe "cov(g, R) + Elm|E[R)

= (ur —Yporog)E[m]

1 o0 3 1 (9—ng)?
=6(uR—waRUg)m/ e e P dg (2.18)
g

— 00
= B(ur — YpoRog)e et 1, (2.19)

Therefore we need to look for proper values of the parameters  and
satisfying

= p(r — YpoRrOg)Ee M0 %23. .
1=p g Thet37 o 2.20

Given the consumption data and the market data, it is difficult to obtain an
explicit solution for (2.20). Mehra and Prescott (1985) uses the U.S. yearly
consumption data and the SEP 500 data from 1889 to 1978 with average
consumption growth pg = 0.76%, growth wvolatility o4, = 1.54%, average
SEP500 gross return ur = 106.98%, return’s volatility cr = 16.54%, and
correlation between consumption growth and stock return p = 37.56%. We
see that the average ratio (ur — 1)/pg = 6.98%/0.76% = 9.18 and the
volatility ratio or/og = 16.54%/1.54% = 10.74. Mehra and Prescott (op.
cit.) has considered many different choices for parameter (3. Here we set
G =0.94 for illustration. By varying vy, we have a plot of the right side of
(2.20) as shown in Figure 2.4.

Then we know that when v = 76.1, a solution is obtained for (2.20).
However, this means that the U.S. investors must be extremely risk averse
during the past one hundred years, which is highly unlikely to be the case.

If we use the CRRA-based SDF' to price the risky asset x and the risk-
free rate Ry, and suppose that m prices risk-free rate correctly, then we
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CRRA based SDF equation
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Figure 2.4: Plot of the SDF equation given by the CRRA model.

have E[m] = 1/Ry. Using (2.19), we have a formula for v namely

_kr— Ry 1

. 2.21
o (2.21)

~

In Mehra and Prescott’s paper, the average gross real return for 90 days
U.S. treasury bill is 100.80% and the volatility is 5.67%. Thus the Sharpe
“RU;Rf is 0.37. This gives an estimation of v at 64.6.

In either case, if we consider a small but economically feasible CRRA-
based SDF candidate space, M5 for example, then we will not able to find a
correctly pricing SDF for the risky asset - S€P 500. However, if we enlarge
the candidate space from Ms to the bigger space Mzs, then we will find a
correctly pricing SDF, but this creates the so-called Equity Premium Puzzle.
We can envisage that if we use the CRRA-based SDF to price more complex
asset spaces, larger pricing errors will ensue.

Ezample (2.3.1) has revealed that in order to find a correctly pricing
SDF, we should not exaggerate its parameter space beyond its reasonable

ratio

range, but rather, given the structure of the asset space, we should enlarge
the SDF candidat space by incorporating further appropriate economic state
variables.

The next example concerns the Epstein-Zin model. Using the struc-
tural theory, we shall see why the model explains the puzzle better. The
SDF space generated from the Epstein-Zin model is more complex than the
CRRA (constant-relative-risk aversion) based SDF space used by Mehra
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and Prescott in 1985. In the Epstein-Zin model, the SDF space is spanned
by two state variables, namely the consumption growth and the market
return. In contrast, the CRRA based SDF space is spanned by only one
state variable, namely the single consumption growth. So, within a rela-
tively reasonable range of the parameters, the Epstein-Zin based model is
capable of providing a smaller pricing error for the same asset space.

Example 2.3.2 Epstein-Zin utility Epstein and Zin (1991) introduces
a recursive utility by separating the risk aversion parameter v and the elas-
ticity of inter-temporal substitution parameter &, namely

*7];77’7 1

—1 1
Up=[1—p)C, " HEn Jo T (2.22)
It is well known that the Epstein-Zin’s SDF has the form

m= BT (C1/Co) AR (2.23)
where R is the gross market return. Let consumption growth g be in(Cy/Cy)
and stock return x = In(R). Again we assume that the stock return x and
the consumption growth g are jointly normally distributed, i.e. (x,g) ~
N(p, %) as in Example (2.3.1). Then

m = ﬁoefg)‘lemz (2.24)

where By = 351 = , A = ara and Ay = . Obviously the Epstein-Zin
SDF is spanned by two vamables, namely the consumption growth and the
market return. Hence the right side of the Euler equation is

E[mR] = BoEle~ 91 e1+22)7] = gy Ble(1TA2)2 Ble=9M 2], (2.25)

The conditional distribution of g given x is N(fig|s,0g|s), where

g
ol = tig + p—2( = pa) and o), = (1 = p?). (2.26)

x

In the following, we use the simple result that
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for any two real numbers a and b. We have Ele™9 |z] = e®M1T¢1 where
1= —Alpg—z and c1 = —Aipig + )qu—z,ur + %)\%02(1 — p?). This gives

E[mR] = e E[e(1TAz+r)7]
_ 50€cl+(1+/\2+m)um+§(1+/\2+m)2oﬁ (2.27)
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Using the data in Merha and Prescott (1985), we have Figure 2.5 and
Table 2.1 for values of ElmR)] over various v and §. In contrast to the
case of the CRRA-based SDF, it is now quite easy to find a risk aversion
parameter to satisfy the Euler equation.

The SDF equation by the Epstein-Zin model
(2 <= gamma <=25, delta = 0.1, 0.2, 0.3)
3. 500
3.000 /
2. 500
o 2.000 E[mR] (delta=0. 1)
9L E[mR] (delta=0. 2)
B 1.500 5 IR
E[mR] (delta=0. 3)
1.000
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0. 000
— o w0 o~ (=2} - o [Ie} ~ o — el
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Figure 2.5: Plot of the SDF equation given by the Epstein-Zin model.

Table 2.1: Values of E[mR)] given by the Epstein-Zin
model (5 = 0.95)

v [6=01]06=02]06=03
2 | 0.994 | 0.996 | 0.999
3] 0988 | 0093 | 1.003
4] 0983 | 09092 | 1.011
51 0978 | 0992 | 1.023
6 | 0973 | 0094 | 1.040
7 | 0969 | 0.997 | 1.062
8 [ 0966 | 1.002 | 1.090
9 | 0.962 | 1.008 | L.122
10| 0959 | 1.016 | 1.161

2.4 Conclusions and Summary

In this chapter, we have developed a new theory for asset pricing, which we
christen the structural theory. We separate the problem of finding a better
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asset pricing model from that of searching for no equity premium puzzle.
Our first result from the unique theorem and the dual theorem indicates
that, given market traded prices, a necessary and sufficient condition for
the pricing functional space (or the SDF space) to have a unique correctly
pricing functional (or correctly pricing SDF) is that the space is isometric to
the asset space. The orthogonal projection operator, introduced in the dual
theorem, provides a bijective and valuation-preserving mapping between
the two spaces. The structural theory has provided a new explanation
for the Mehra and Prescott puzzle. It indicates that whether there is an
equity premium puzzle or not is relative, depending on whether or not there
is a matching between a SDF space and an asset space. Using the above
theory, we have seen why the Epstein-Zin model leads to a more satisfactory
resolution.
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Chapter 3

Algebra of Stochastic Discount
Factors — The Structural Theory of
Asset Pricing

(Part II)

In this chapter, we develop the structural theory further to deal with an
enlarged portfolio space that includes non-tradable assets; we shall discuss
asset pricing problems including both the bottom-up investment method-
ology and the top-down investment methodology. Typical examples of the
former include (i) a fund manager first picking some individual stocks and
forming a stock portfolio after a series of stock selections, then facing the
problem of portfolio valuation based on the individual stocks’ valuations
and (i) an U.S. fund manager starting to invest in emerging markets and
facing the problem of whether or not he should, either partially or wholly,
apply his valuation standard in the U.S. to emerging markets. Typical
top-down examples include tactical asset allocations driven by valuation of
asset class. Mathematically speaking, these problems become one of pricing
problems. Specifically, when investment opportunities increase, which af-
fects the portfolio space (enlarged or reduced), how can a new asset pricing
model ‘learn’ from previous asset pricing models?

3.1 Symmetric Theorem of Asset Pricing with
an Application to Value Economic Derivative

Here is the third main result of this book.

31
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Theorem 3.1.1 (Symmetric theorem of correctly pricing func-
tional spaces) Let H be a claim contingent space as introduced in the
last chapter. Let M be an SDF linear closed subspace of H and spanned by
some economic variables. Let M* be the dual space of all continuous linear
functionals on M. Then M has a unique correctly pricing SDF for asset
space X if and only if M is priced by a unique functional in M* and M*
is isometric to X, with the understanding that if X = ¥, Assumption 2.2.1
applies. More precisely, there exists a unique x™* in X satisfying

pi = Ela™*m;], fori=1,2,---, (3.1)
where {m;} is an SDF in M satisfying E[m;|X] = x; and M is spanned by
{ma, - ,mp} if X =S, and by the closure of USZ{mq,--- ,my} in H if
X =3.

Proof: For necessity, using the Riesz representation theorem, we know that
there is a bijective mapping Rx+ from X* to X. Using Theorem (2.2.4), S is
a bijective mapping from X to M. Therefore So Rx- is a bijective mapping
from X* to M. Similarly by using the Riesz representation theorem twice,
we have a bijective mapping U from X** to M* by U = R]T/[l* oSoRx+o0
Rx . Since the Hilbert space X is reflexive, X** is isometric to X by a
mapping V. Therefore W = U o V is a bijective mapping from X to M*.
Since all Riesz’s mappings and S are isometric, we know that mapping
W is isometric as well. Let m° be the correctly pricing SDF in M and
recall that T = S~!. Define 2** = T(m°) € X. Then it is easy to see
that p; = E[m%;] = E[T(m°)x;]; since T(m°) € X, then E[T(m%)z;] =
E[T(m°)S(z;)] = E[T(m°)m;] = E[z**m,]. That is

pi = E[z**m;] fori=1,2,---. (3.2)

Now, let us first consider the case when X = $,,. By Theorem (2.2.4),
M has a correctly pricing SDF for X if and only if the mapping S is a
continuous linear bijective operator from X to M. Let m; = S(x;), i =
1,2,---,n. Vm € M, using Theorem (2.2.4), S~'(m) = E[m|z] € X. Since
X is spanned by {z1,---,x,}, we have E[m|X] = Z?:l w;x;. Since S is
linear, we obtain

n

m = S(E[m|z]) = Zwis(ml) = Zwlmi (3.3)

i=1

In other words, M = span{mq,--- ,my,}.



3.1.  Symmetric Theorem of Asset Pricing 33

Next, when X = Q, let space M; be the closure
of UX  span{m,---,my,}. Since for n > 1, span{mq,--- ,m,} C M
and M is a linear closed subspace in H, we have M; C M. Ym € M,
since T(m) € X, T(m) = Y7 aje; with > ;2 a? < oco. Define an
SDF n; in M by n; = S(e;). Then m = S(T'(m)) = SO0 aie;) =
S, ain;. Since each e; € span{zi,---,x;} = Sy, n; = S(e;) €
span{mz,---,m;}. Hence each n; € M;. Since M, is closed in H, we have
m € M. Therefore M C M;. Putting the two results together, we have
M = M.

For sufficiency, we first note that there is an isometric mapping be-
tween X and M* because of Assumption 2.2.1 and the fact that all
Riesz’s mappings are isometric. Then the mapping S given by S =
Ry~oWoV™lo R}L o R;é from X to M is isometric. By Theorem
(2.2.4), we have completed the proof.

Q.E.D.

Theorems in the last chapter point out that, given an asset space, we
need to find an appropriate economic-factor-driven space that contains a
correctly pricing SDF for the asset space. Now, the above symmetric the-
orem indicates that these economic factors can be traded and priced by a
market portfolio, reflexively. Robert Shiller has strongly prompted this idea
in his 1993 book entitled Macro Markets: Creating Institutions for Manag-
ing Society’s Large Economic Risks. He proposes to set up macro markets
for claims on aggregate income and service flows and other economic risk
factors. The symmetric theorem indicates a way to price economic risk
factors. See Figure 3.1 for an illustration.

Example 3.1.2 Economic derivatives Deutsche Bank and Goldman
Sachs started in October 2002 to provide vanilla and digital options and
range forwards on the U.S. non-farm payroll employment index, the ISM
manufacturing index and the U.S. retail sales (ex-autos) index. We re-
fer interested readers to the report in Risk, August 2002 (page 13). Later,
ICAP agreed to broker the parimutuel auction-based economic derivatives,
including one- and three-month options on the eurozone harmonised in-
dex of consumer price (ex-tobacco) inflation index (HICP) and the U.S.
consumer price index (CPI) in June, 2003 (see Risk, June 2003, page
13). Barclays Bank also provides options on the Halifax U.K. house
price index.
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SDF Space ¢

Correctly Correctly

pricing pricing

Figure 3.1: Symmetric Theorem between SDF space and asset space.

3.2 Compounding Asset Pricing Models with
Applications to Bottom-up Investment
Methodology

In the following we consider the problem of compounding two SDFs into
one SDF to value a larger asset space. Suppose that we have two asset
spaces X7 and Xy with SDF spaces M7 and Ms, and correctly pricing SDF's
my1 € My and mo € M, for X7 and Xo, respectively, and we are interested
in investing in the combined asset space X = X7 + X5, where ‘+’ refers to
the sum of two sub-linear spaces in a Hilbert space. Financially speaking, it
means combining two sub-portfolio spaces to form a large portfolio space. A
natural question is whether we can construct a correctly pricing SDF m in
M+ M, for X7+ X5. We notice that mj+mo may not be a correctly pricing
SDF for X; + X5, though m; and my are correctly pricing SDFs for X; and
Xs individually. The sources of trouble are as follows: (1) In an enlarged
asset space, we may have redundant assets, though both m; and my satisfy
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the parsimoniously pricing condition (2.11) for X; and Xs separately. As
an example, consider the case in which X; = span{x,--- ,2,} and Xo =
span{yi, - ,Yn}, but yo is represented by a portfolio of 1, - - - , 2, plus y;.
Clearly, ys is redundant and has to be removed when considering X; + Xo.
(2) Now, my may incur some pricing error for asset space Xo, and ms for
asset space X1. Even if we assume that X; and X5 are orthogonal, we still
cannot guarantee that mj incurs zero pricing error for Xy and mso for Xj.
Just consider the extreme case of M; = X5 and Ms = X;. (3) There may
exist some common portfolios in X; and X,. Whether or not an arbitrage
opportunity exists in the enlarged space depends on how m; and ms price
these common portfolios.

A satisfactory solution of the compounding problem is relevant. For, it
will enable us to construct a complex pricing functional from a series of sim-
pler pricing functionals. Further, in practice we do meet the compounding
problem frequently. For example, in an international portfolio consisting
of some U.S. stocks, say Xyg, and some U.K. stocks, say Xyg. Suppose
that we already have correctly pricing domestic SDFs, myg and my i say,
which are functionals of the respective domestic economic variables. The
question arises as to how we can price correctly the international portfolio
Xus+ Xuk, based on information of the U.S. and U.K. economic variables.
Put another way, suppose in a global fund management company there are
already several highly qualified domestic fund management teams. How
can the company develop an efficient global fund management framework
by pooling their existing expertise in the US and the UK investments?

Let V = X; N X5 denote the subspace of common portfolios in X3
and Xs. It is easy to see that V is a closed subspace. Then we have the
orthogonal decompositions of X7 and Xo:

X1 =V1 9V and XQZV@‘/Q,I (34)
and
X=Vi+V+V. (3.5)
Assumption 3.2.1 Over a common portfolio space say V all SDF's
have the same valuation, i.e. for any 7 and j

E[m;|V] = E[m,|V]. (3.6)

Mt is not necessary that Vi is orthogonal to Va.
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If this assumption does not hold, then an arbitrage opportunity exists. Let
us suppose E[mieni1] = q1 # @2 = E[maeni1]. If 1 < g2, then we can
take a long position from agent m; and a short position from agent ms,
thus obtaining profits with zero-risk. Indeed, in an international portfolio,
the HSBC bank is a cross-boundary stock listed in the New York Stock
Exchange, the London Stock Exchange and the HongKong Stock Exchange.
Given the exchange rates among the U.S. dollar, the H.K. dollar and the
sterling and ignoring trading costs, all three markets must give the same
valuation to the HSBC bank; otherwise a typical arbitrage opportunity will
exist.
Next, we introduce the notion of a complete SDF pricing space.

Definition 3.2.1 Let X be a portfolio space and M be an SDF space that
provides pricing candidates to X. Then we say that M is complete to X
if it is agreed by all the SDF pricing candidates in M that only assets with
zero payoff possess zero price, that is

for any x € X, E[mz] =0,Yme M =z =0. (3.7)

Lemma 3.2.2 M is complete to X if and only if the subspace of orthogonal
projections of M on X is X itself. That is

{y=Em|X]; VYmeM}=X. (3.8)

Proof: All we need to notice is that E[mz] = E[E[m|X]z]. By setting
E[m|X] = m, we have our conclusion.

Q.E.D.

Here is the fourth main result of this book.

Theorem 3.2.3 (Expanding theorem of correctly pricing function-
als) Given the asset space X = X1+ Xa, let M be the minimum complete
expansion of My + My to X. Suppose that assumptions (2.1)-(2.2) hold.
Then the SDF space M has a unique SDF, denoted by m, that prices port-
folio space X correctly. Furthermore, suppose that assumption (3.2.1) holds
and Vi and Vy are orthogonal. Then the orthogonal projection, E[m|X], of
m on X is given by

E[m|X] = E[m1|X1] + E[ma|Va] = E[m1|Vi] + E[ma|X2).  (3.9)
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Proof: Let T be the orthogonal projector from M to X. First we check
that it is bijective. By the completeness and Lemma (3.2.2), T is surjective.
Second, if m and m’ € M with m # m’ but T'(m) = T(m’), then for any
x € X with # # 0, E[(m —m/)z] = E[(T(m) — T(m/))z] = 0. This
contradicts the completeness of M to X. So T' must be injective. Hence T
is bijective and according to the Dual Theorem, there exists a unique SDF
m € M that prices X correctly. Furthermore, since E[m;|X] = E[m1|Vi]+
E[mi|V] + E[m1|Vs] and E[msg|X] = E[ma|Vi] + E[ms|V] + E[ma|Va], we
have

E[m1|X1] + E[ma|Va] = E[ma|Va] + Elma|Vi] + E[ma|V]

= E[ma|Va] + E[m|Vi] + E[ma|V]

E[ma|Va + V] + E[mi|Vi]
= Ema|Xa] + E[ma|VA).
In the above we have used assumption (3.2.1). Thus, we obtain
E[m1|X1] + E[ma|Va] = E[mi|Vi] + E[ma| Xa). (3.10)
By the uniqueness of orthogonal projection in X, we have
T(m) = E[m|X] = E[m1|X1] + E[ma|Va] = E[ma| V1] + E[ma|Xa)].
Q.E.D.
Theorem 3.2.3 highlights several interesting and important aspects of asset

pricing.

1. Given a unique correctly pricing SDF mj in M; to X;, we have
a linear and continuous valuation functional 7; satisfying m (z) =
E[miz], Vr € X;. Similarly we have a linear and continuous valua-
tion functional w5 for X5. Then we have an extended functional 7,
on X1 + Xs, of m; and m such that

7|x, = 71 and 7|x, = ma. (3.11)

However, when we carry out some practical valuation for X7 + X5, we
have to use an SDF, say m, within some economic contexts to help
us make investment decision, since generally 7 takes only an abstract
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form. This theorem tells us that we should search a correctly pricing
m in a minimum complete expansion, say M, of My + M, satisfying

m(x) = Elmz], Vo € X1 + Xa, (3.12)

because we will not be able to find a correctly pricing SDF in any
SDF space strictly smaller than M.

. Since M; has a unique SDF which prices X; correctly, the minimum

complete expansion of M; to X; is M; itself, according to Lemma
3.2.2. The same applies to the case of My and X5. However, My + M,
is not necessarily complete. This implies that, though the enlarged
portfolio space, X7 + X5, involves linear combinations of elements of
X, and Xs, pricing SDF does not simply follow similar linear com-
binations. For example, suppose M; is of dimension n and Ms is
of dimension m. Then we have multi-factor representations such as
mi =Y aifi and ma = 377" bjg;. In general, we can expect that
an element in M is represented by

m=Y_aifi+y Vigi+ Y cchn, (3.13)
i=1 j=1 k

where {hy} are some new pricing factors to do with the covariance
structures between X7 and Xo, M7 and My, M7 and X5, and My and
Xi.

. The above theorem reveals the difficulty when using the bottom-up

methodology to value a portfolio. We have to deal with new fac-
tors {h;} at each upward step. Thus, in building Markowitz’s effi-
cient portfolio, each time when we add a new asset into an existing
portfolio, we have to re-run the enlarged efficient portfolio. William
Sharpe’s CAPM model bypasses this difficulty by assuming that there
exists a top SDF space or a largest asset space, the so-called market
portfolio. And nobody can expand this market portfolio further. All
SDF's or rather valuation functionals are only restricted versions of
the functional given this market portfolio. In practice, we often use a
market index as its proxy or an approximation since we never know
what the market portfolio really is.

. When the whole asset market & has no-arbitrage, we know that a

correctly pricing SDF my to a portfolio X; already contains some
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“hidden” information about my and X5. This reflects the fact that
valuation is a ‘global’ matter within a whole asset market while in-
herent riskiness for each asset is a ‘local’ matter. The bottom-up
strategy exploited by Graham, Buffet and other investors typically ac-
knowledges this. For each individual stock such as the IBM computer
company or the BP oil company, analysts first identify its unique risk
characteristics such as business models, corporate governance, indus-
trial organization, growths of sale and earning, and so on. In other
words, they attempt to build a model of the form

X1 = Z a; fi,

where the risk factors {f;} include common factors and idiosyncratic
factors which are unique to each stock. At this stage, the model has
nothing to do with the valuation process but everything to do with the
analysts’ judgements. Then we need to price fairly X; or equivalently
{fi}, based on all agents’ preferences and risk aversions to the whole
asset market; otherwise an arbitrage opportunity may appear. Hence,
when the SDF pricing equation p = E[m;z| Vo € X;, i = 1,2 is used,
my; is not solely determined by the riskiness of X;. Instead, by going
to an even bigger portfolio space X, X; and X are priced in X. It
just happens that mq’s ‘pricing agents’ do not know ms’s, and vice
versa.

5. In practice, when asset markets X1 and X5 are not connected, as is the
case with the current situation between the Chinese stock market and
the U.S. stock market, investors in the two markets have developed
their respective correctly pricing SDFs. However, the moment when
the two markets become connected, there are typically some initial
but limited arbitrage opportunities. In this situation, either mj or mo
or both begin to change until the two markets reach a no-arbitrage
state. Meanwhile fundamental risks of the Chinese stocks and the
U.S. stocks are still there and unchanged.

See Figure 3.2 for an illustration.

Corollary 3.2.4 Expanding theorem of correctly pricing function-
als in a very special case. Suppose that assumptions (2.2.1)- (3.2.1) hold
and X has no redundant assets. If asset spaces X1 = span{wxy,--+ ,xn} and
Xo = span{yr,- -+ ,yr}, my is the correctly pricing SDF for X1, satisfying
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Figure 3.2: Expanding Theorem for SDF spaces and asset spaces.

pi = Elmyxz;], i = 1,--- ,n, and my is the correctly pricing SDF for X,
satisfying q¢; = Elmay;], j =1,--- ,k, then the SDF above satisfies m € M
and

pi = Elmz;], i=1,--- ,nand ¢; = Elmy,|, j=1,--- k. (3.14)

In particular, if n =k =1 and d = [prgi— < ma,z1 >< mq,y1 >| # 0,
then

m = wymi + wams, > (3.15)

where wy = L[p1— < ma, 21 >q1 and wo = S[g— < my,yr >p1, s a
correctly pricing SDF.

Proof: From the proof of Theorem (3.2.3), it is easy to have pricing equa-
tion (3.14). To prove pricing equation (3.15), we can solve for w; and
wy in two equations: p; =< m,z; > and ¢ =< m,y; >. We have
p1 =< myxr; >= w; < m,xr; > +wy < mo,x; > and ¢ = wy <
mi,y1 > +ws < mao,y; >, which give wy = é[pl— < ma,x1 >]q1 and
W = %[(h— <m1,y1 >p1.

Q.ED.

2If n > 1 or k > 1, formula (3.15) cannot provide a correctly pricing SDF for X.
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Example 3.2.5 International index portfolio Suppose that x1 = the
U.S. S&P 500 index and xo = the U.K. FTSE 100 index. Suppose that
SDFsg psooinder 1S the correctly pricing SDF for the U.S. SEP 500 in-
dex tracking fund. Similarly suppose that SDFrrspiooindes S the cor-
rectly pricing SDF for the U.K. FTSE 100 index tracking fund. Then
in order to have correctly pricing for the international index portfolio
consisting of x1,x2, we have to generate a proper SDF from the two-
dimensional SDF' space (SDFsg psovindes; SDFrrsE100indes) by SDF =
w1 SDFsg psovindes + W2 S DFrrsE100indes -

3.3 Compression of Asset Pricing Models with
Applications to Top-down Investment
Methodology

Since we have argued that valuation of a portfolio is a matter related to
itself, we face a complexity problem due to the number of assets. For ex-
ample, in the U.S. market, there are thousands of stocks; if we want to
do an index valuation such as Russell 3000 small-cap index, it is infeasible
to value 3000 stocks one by one. We need some method of compression.
In the top-down pricing methodology, all assets are priced by their finitely
many common risk factors; the assets have zero valuation for their own
idiosyncratic risk factor. (The bottom-up valuation methodology, such as
Buffet’s value strategy, assigns non-zero valuation to idiosyncratic risk fac-
tors.) Based on the Law of Large Number, Ross’s APT (1976) develops
a compression method for asset pricing by pricing the common factors.
Chamberlain and Rothschild(1983) and Chamberlain (1983) have built the
APT involving large number of assets. In the following, we will develop a
top-down correctly pricing methodology.

Definition 3.3.1 Let x; be an element in . Then xy # 0 is called a
riskless limit portfolio if V(x¢) =0 and Elzf] # 0. Let Ry = xy/E[zy] €
. Then Ry is called a riskless asset.

Lemma 3.3.2 If S has no riskless limit portfolio, then  is a Hilbert space
under the covariance inner product, that is, Vx,y € &, we can define <
x,y >= cov(zx,y), where cov(x,y) is the covariance between x and y.

Proof: If < z,x >= cov(z,z) = V(z) = 0, then we have z = E[x] in H.
If E[x] # 0, then $ has a riskless limit portfolio. This is a contradiction.
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Therefore we must have E[x] = 0 so that x = 0. We can easily verify that
other properties for an inner product are satisfied with the exception of
the completeness of & under the covariance as an inner product. Suppose
there is a sequence {z"} in S satisfying < 2 — 2™, 2" — 2™ >— 0 as
n and m — oo. Since < z" — 2™, 2" — 2" >= Cov(a”™ — 2™, 2" —2™) =
E(z" —2™)? 4+ (Ex™ — Ex™)?, then ||2" —2™||? = E(2" —2™)? — 0. Since
S is complete under the norm ||.||, there is x € $ satisfying |[2" — z|| — 0.
By the Cauchy-Schwartz Inequality, (Ez" —FEz)? < E[z"—z]? = |[2" —z]||2.
Hence V(2™ — ) — 0. This means that $ is complete under the covariance
as an inner product and < is a Hilbert space correspondingly.

n

Q.ED.
Suppose S has a riskless limit portfolio, say x ¢. Define excess payoffs by
zi = x; — iRy, © = 1,2,---, where p; = Efx;]. Define linear spaces
U, = span{zi, -+ ,2n}, ¥ = U ¥, and ¥ as the closure of ¥. For each

i=1,2,---, Elz] = E[x;] — u;E[Ry] = 0. It is easy to see that ¥ has no
riskless limit portfolio and hence the covariance can be regarded as an inner
product for ¥. Therefore ¥ is a Hilbert space and a closed linear space of
Y
3.

Define 37 = ¥ if S has no riskless limit portfolio and 7 = ¥ otherwise.

Definition 3.3.3 By a well-diversified portfolio space, we mean the space
D = {x € S| there exists a sequence of x™ = Z?:l ainz; with o™ —

z, Y ain — 0 asn — oo}, where z; = x; — iRy, i =1,2,--+, if  has
a riskless limit portfolio, and z; = x;,1 = 1,2, -+, if & has no riskless limit
portfolio.

According to the Ross Arbitrage Pricing Theory, a well-diversified port-
folio should only incur factor risk but no idiosyncratic risk. Normally there
exist only finitely many risk factors. Here we introduce the following defi-
nition.

Definition 3.3.4 We say that the asset space 31 has a K-factor structure
if dim(D) = K < 0.

This means that if the well-diversified portfolio space D has dimension
K, then D is spanned by only K orthonormal basis elements {f1, -, fx}
satisfying

cou(fi, f;)=0ifi#jand V(fi) =1, i,j=1,--- , K. (3.16)
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The payoffs are represented by
2 = ﬂ¢71f1 4+ 4+ 6i,KfK + €5, for 7 = 1,2, (317)

where factor loadings f; i, = cov(z;, fx) and cov(e;, fr) =0for k=1, K.
In particular if § has no riskless limit portfolio, then

T =pi+ Biafi+ 4+ Bixfxt+e fori=12---, (3.18)

where p; = Elz;], fi = fr — E[fx] and €, = ¢; — E[e;]. If S has a riskless
limit portfolio, then

x; = iRy + ﬂ¢71f1 +--+ ﬁi,KfK +¢€ fori=1,2,--- (3.19)

with E[fi] =0 and E[e;] = 0.
Let €” = (e1, -, €,) and the second-moment matrix S* = E[e"(e")7]
of €". Let A} ,. be the largest eigenvalue of SP. To have diminishing

idiosyncratic risk, we have to make the following assumption.

Assumption 3.3.1 A = max,,>1{\,,.} < c0.

max

Here is the fifth main result of this book.

Theorem 3.3.5 (Compression theorem of correctly pricing func-
tionals) Suppose that Assumptions 2.1.1, 2.2.1 and 3.3.1 hold. Let 3}
be the dual space of 1. Suppose that F is a linear subspace of %
and has a unique correctly pricing functional on 1. Then I has a K-
factor structure if and only if F has a K-factor structure as well. That
is F = D* + (D*)*, and D* is well diversified with K-factor structure.
Vr e F, m = Zszl brf; + €*, where by =< m, fi; >, the pricing func-
tionals {fy} C D* satisfy < fi, f; >=0for k # j ,< fi, fi >=1 and
< ffyef>=0fork=1, K, and € € (D*)*. A similar conclusion
applies to an SDF space.?

Proof: To prove necessity, suppose 31 = S (i.e. no riskless limit portfolio).
Define pricing functional m; by Vo € S, 7;(z) = E[z;z]. Then we define a
space D* = {m € 3*| there exists a sequence of pricing functionals 7" =
Yoy @i wWith 7 — 7,37 1 af, — 0 as n — oo}. Since F has one
correctly pricing functional, by Theorem 2.1, F' = &*. Then we know that
D* is a linear subspace of F. Since 7 has a K-factor structure, there is

3Cochrane (2000) has used this result without giving a rigorous proof.
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an orthogonal decomposition &; = D 4+ D+. For all y € D+ and " € D*,

T (y) = 2l ainmi(y) = 301 ainEliy] = E[(3271 ainei)y]. Hence, by
the Cauchy-Schwartz inequality,

7" )| = 1B asneyl] < {(a")T ST} {Bl]},

where S, is the covariance matrix of €* = (e, ,€,)7 and a" =
(a1m, + yann)t. By the singular-value decomposition, we have S =
UNIUT, where U is an orthogonal matrix with UU”T = I and II is a di-
agonal matrix IT = diag(\1, - -+ , A,) with eigenvalues {\;}. Using Assump-
tion (3.3.1), we have |7 (y)| < ME[y?]}2 (X, a;,)- Letting n — oo, for
Vr € D*, we have 7(y) = lim,—o 7"(y) = 0. By the Riesz Represen-
tation Theorem, for pricing functional 7, there is an z, € 3 satisfying
Vz € Sy, 7m(z) = E[r.z]. Since 7(y) = 0 for all y € D+, we have z, € D.
According to Definition (3.3.4), D has dimension K and is spanned by
fi,--, fx. We have zr = b1 f1 + -+ 4 bg fr. Define pricing functional f;
by Vo € S, fi(z) = E[frx]. Then it is easy to see < f;, ff >=01if k # j
and D* is spanned by f{,--- , fjr (Ym € D*, m = b1 f{+-- -+ bk f;.) There-
fore pricing functional subspace F' has a K-factor structure D*. The same
treatment applies to 1 = W (i.e. there is a riskless limit portfolio). Also
the above argument applies to an SDF space.

To prove sufficiency, note that using Theorem (3.1.1), we can regard
asset space 3 as a correctly pricing SDF space for the dual space %, and

then apply the necessary condition to the ‘virtual SDF pricing’ space 3.
Q.E.D.

The implication of Theorem (3.3.5) is that if the payoffs of assets are either
correlated with or not hedged against risk factors (such as the growth of
consumption, the GDP, the inflation, the interest rate, the monetary and
fiscal policies, the business cycle, the average earning growth of stocks and
so on), then in order to obtain a correctly pricing functional, or SDF, the
candidate space must be spanned by the above stated economic factors, or
their equivalents under valuation-preserving isometry. For example, using
the CRRA model and insisting that it has provided correctly pricing imply
the assumption that the asset market has a one-factor structure, and using
the Epstein and Zin’s model implies the assumption that the asset market
has a two-factor structure. In fact, even the asset market has a one-factor
structure. For example, suppose that the asset market follows the CAPM
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Figure 3.3: Compression Theorem for SDF spaces and asset spaces.

model, then the single factor is the market return and not consumption
growth. In order to have correctly pricing to the asset market driven by
the market return, we need to have zero effects of means, variances and
correlations in equation (3.25) (to be given later) between the market re-
turn and the consumption growth. However, when the asset market is not
complete, it is hard to have such a perfect match between the market return
and the consumption growth. In this case, a pricing error can appear.
See Figure 3.3 for an illustration.

Example 3.3.6 Fama-French’s three factor In Fama and French
(1992) and a series of subsequent papers by the same authors, they build a
three-factor model

E[R] — Ry = B(E[Ry] — Ry) + BsmsSMB + By HML.  (3.20)

If the stock market is spanned by these three factors, then according to
the compression theorem, the SDF space must be spanned by a three-factor
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structure as well. For example, besides consumption, we should also con-
sider unemployment, inflation, monetary and fiscal policies, technological
progress, human capital economic variables and so on.

Corollary 3.3.7 Suppose that payoffs {x;} C D, i.e. {x;} are well diver-
sified. If pricing functional 7 is the correctly pricing functional for {z;},
then w € D*. In other words, w is a well diversified pricing functional in
37 as well.

3.4 Decomposition of Errors in Asset Pricing Models

Given market prices {p1,---,pn}, Hansen and Jagannathan (1997) intro-
duces a space of correctly pricing functionals by

M={reH"|p;=mn(x;), i=1,--- ,n} (3.21)
={meH |p; = Elmz;], i=1,--- ,n}.

Then M is a convex subspace but not a linear subspace of H. Let 7 be
a correctly pricing functional and 7 be a continuous pricing functional.
Hansen and Jagannathan (op.cit.) defines a maximum pricing error by

d = sup{|7(z) — w(x)| over x € Sy, ||x|] = 1}. (3.22)

Theorem 3.4.1 Pricing error theorem. Let m be an unknown correctly
pricing SDF for asset space . Let m be an SDF proxy that often is a
nonlinear function of several economic variables. Then the pricing error
due to m is given by d, which may be expressed as follows:

1. d = || Em|S,] — Elm|S,] | (3.23)

= [(E[E[m|S4]] — E[E[m|S,]])?

2\ 2 2 3
+(1+A )UE[ml%n] - 2p)‘UE[m\sn]]2 (3.24)
= [dmean + dvariance + dcorrelation] %7 (325)

where E[m|S,] and E[m|S,] are the orthogonal projections of m
and m on ¥, respectively, p is the correlation coefficient between
E[m|S,] and E[m|S,], and X is volatility ratio given by X\ = —£L

7B [m|Sn]

m[Sn]
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In other words, the pricing error comes from three parts: (a) dmean,
the difference in means of the orthogonal projections, which measures
the pricing error of the inverses of riskless asset Ry by m and mh;

(b) dyariance, which measures the deviation of the variance UE[ %]

from the variance o> ; [Ideally, given the correlation p > 0, then

E[m|%n]
the optimal variance ratio A = p, and a minimum pricing error is

d = \/dmmn +(1 _pQ)U%[m\sn]/' (¢) deorrelation, Which measures

the contribution of the pricing error from any correlation between
E[m|Sy] and Em|S,]. [Ideally, p=1].

2. Suppose that E[m|S,] = Yo aie; and, without loss of generality,
we assume that E[m|S,] € 1, where 1, is the subspace of Sy, with
L < n, and a representation E[m|S,] = 25:1 bie;. Then we have

L

d= Z(ai — b¢)2 + zn: CLZ2 > 0. (3.26)

i=1 i=L+1

3. Equivalently if we represent E[m|S,] and E[m|S,) by E[m|S,] =
S wimy and E[m|S,) = Yo, via; respectively, where v; = 0 for
i > L, then we have the well-known Hansen-Jagannathan distance

d=/(w— )78, (w ) (3.27)
— /(o — Elnan)) 7S (o — Efmar)), (3.28)

where S, is the second moment of the payoff vector z" =
(w1, ,20)T, dce. Sy = Elz™(z™)7T].

4. If we further assume that E[E[m|S,]] = E[E[m|S,]], then

d=/(w— )T, (w—v), (3.29)

where the weight vectors w = (w1, -~ ,wy)T and v = (vy, -+ ,v,)7T.

Proof: The main ideas of the proof come from Hansen and Jagannathan
(1997). Since Vz € S, m(z) = E[mz] = E[E[m|S,]z]. Without loss of
generality, we can assume that /m and m € . Vo € S, with ||z|| =
1, by the Cauchy-Schwartz inequality, |7 (z) — 7(z)| = |E[(m — m)x]| <
{E[m —m]?}2{E[z]2}2 = ||fh — m||. Hence d < || —m||. On the other
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hand, since ||7i — m|| > 0 (otherwise we have simply m = m and d = 0),
define payoff m = (m — 1) /||m — m||. We have w(1m) — () = E[mmn| —
E[fm] = E[(m — m)m] = Elm — m)?/|lm — m|| = ||m — m||. Since
[|m|| = 1, d > w(m) — 7(m) = ||m — 1m||. Therefore we have proved that
d = || B|Sa] - Blm|Sa] ||. By using Bl¢ —n]? = (B[] - Eli)® + cov(é -
n,& —n) = (E[§] = EMn))? + 02 + 0. — 2po¢oy, for any two random variables
¢ and 7, we obtain the pricing error decomposition formulas (3.24) and
(3.25). Using (3.23), (3.26) and (3.27) can be calculated easily. To show
(3.28), since m|g,, is an orthogonal projection of m on 3, we have

v =S, E[ma"]. (3.30)
Next, since m is a correctly pricing SDF, we have p; = E[mz;] =
>y wiElzias] for i = 1,--- n. Hence we obtain an ‘exact’ estimation
of w= (wy, - ,wy) by
w=8,"'p". (3.31)
Therefore,

d= \/(w —0)TSp(w—v) = \/(p” — E[man]))T S8, 'S, Snt (pn — E[iman))

_ \/ (p" — E[man))T Sy (p» — E[man)).
Q.E.D.

From (3.26), we see that a pricing error can come from two sources: (1) the
most serious is due to the mistake of searching correctly pricing functional
in an insufficient candidate space, which gives a strictly positive pricing
error Y ;a7 > 0; (2) even if we search in a proper space (i.e. L = n),
we can still incur non-negative pricing error ZiL:l(ai —b;)? > 0, due to
wrong parameter estimation.

See Figures 3.4 and 3.5 for illustrations.

Furthermore we have an exact decomposition of pricing error over each
asset.

Corollary 3.4.2 Define the representation error between m and m by
the coefficient vector w — v. Then there is no pricing error (E[m|S,] =
E[m|S,]) if and only if w—v = 0. In general, we have a decomposition of
the representation error vector w — v by

w—v= anglbcm, + (o — Um)Egla =1,+ I, 4 (3.32)
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2 o 2 02

Figure 3.4: Pricing Error Theorem.

where the wvector of differences of correlations beorr = ((Pm.,z:

Pz )01, (Pmgn — pm@n)an)T, Pm.z; 1S the correlation coefficient
between m and x;, ps z, is the correlation coefficient between m and
Ti, Om 18 the wolatility of m, oz is the wvolatility of m, and o =
(C1Pm,z1s" > OnpPrne,) 1S the weighted volatility vector of payoffs. I, is
the error vector due to the difference between the correlation of m and pay-
offs {x;} and the correlation of 1 and payoffs {x;}. I, is the error vector
due to the difference between the volatility of m and the volatility of m.

4When the equity premium puzzle is referred to, the main concern tends to be
with SDF’s I, volatility difference and with the I, correlation difference being typically
ignored.
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Figure 3.5: Comparing correlation error in the Pricing Error Theorem.

Proof: Tt is straightforward to see that E[/n|S,] = E[m|S,] if and only
if w —v = 0. Without loss of generality, we can assume that m, m € S,,.
Since m = 377, wjz;, we have m — E(m) = 7, wj(x; — Elz;]). Multi-
plying both sides of the equation by (x; — E[z;]) and taking expectation,

we obtain
Cov(m,z;) = E[(m — E[m])(z; — E[z;])]

Z ;i Cov(z;, ). (3.33)
Hence we have w = X,'Couv(m,z), where ¥, is the covariance ma-
trix of *x = (x1,---,2,)T and Cov(m,z) is the covariance vector
(Cov(m,x1),-++,Cov(m,z,))T. Similarly we have v = % 1Cov(rh, z).
Hence w — v = ¥, (Cov(m,z) — Cov(th,z)). Because Cov(m,x;) —
Cov(m,x;) = (Pma: — Privg:)0m0i  +  (Om — 0)0ipim,a,, therefore

Cov(m,z)—Cov(m,z) = ombeorr + (0m —0p))o. We have completed the
proof of the corollary.

Q.E.D.
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3.5 Empirical Analysis of the Asset Pricing Models

3.5.1 The data set and utility forms

The data sets we use here are the quarterly real returns of S&P 500 index
and the one-month U.S. treasury bill over the period from the first quarter
of 1950 to the last quarter of 2002. The U.S. real per capita consumption
data are extracted from the nominal consumption data adjusted by the
CPI data over the same period. Stock data are the quarterly real returns
of the American Electric Power Co. Inc. (AEP), the General Electric
Co. (GE), the General Motors Corp. (GM), the International Business
Machines Corp. (IBM) and the Exxon Mobil Corp. (XOM), over the
period from the first quarter of 1970 to the last quarter of 2002.> The
companies are components of the Dow Jones industrial average index.

Let mg be a correct but unknown pricing SDF for the asset space <, =
span{xy,- -z, }. Let m be the orthogonal projection of mg on Sy, i.e. m =
E[mg|S,] and takes the form

m=c - x, (3.34)

where c¢ is a parameter vector, x is the payoff vector of asset x =
{x1,---xn}. The parameters can be estimated using the least squares
method.

Let m be an SDF which may be taken as a proxy for mg. Suppose that
m has one of the following forms:

e CRRA utility
-
R c
s = 3 (—“) : (3.35)

Ct

where (3 is a subjective discount factor, 0 < § < 1, 7 is the coefficient
of relative risk aversion, ¢ is the consumption.

Ct4+1 - Ct i
M1 = 3 <C—t) (Ct 1) ; (3.36)

where 7 is the coefficient of relative risk aversion.

e Abel utility

5The quarterly real returns of S&P 500 index are taken from Robert Shiller’s home-
page. The quarterly returns of the one-month treasury bill come from the Federal Reserve
Bank. The per capita consumption and the CPI data are taken from the Bureau of Eco-
nomic Analysis (BEA). The data for the five listed companies come from the Yahoo
finance website.
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e Constantindes utility

— —
. o 1 —hip1/cen
M1 =3 <—Ct ) (71 ~ heJcr > , (3.37)

where hy = pcy—1, v and @ are parameters.

e Epstein-Zin utility

_ 1=y

R n=ny [ C¢41 n—1 1-ny

M1 = fT <c—> R (3.38)
t

where 7 is the elasticity of intertemporal substitution, « is the coeffi-

cient of relative risk aversion and R, is the gross return of the market

portfolio.

3.5.2 Three sources of pricing errors

Part 1 of Theorem (3.4.1) indicates that the pricing error d consists of
three parts, namely the differences in the means, the differences in the
volatilities and the imperfect correlation. From Tables 3.1-3.5, we can see
that the difference in the means given by the orthogonal projections of two
SDF's is very small over various parameters. The CRRA-type pricing model
provides the worst scenario among all candidate SDFs. It provides smaller
volatility and even negative correlation. The negativeness is very stable over
different risk aversion parameters. This indicates that a wrong SDF has
been chosen, if we accept that over the past 100 years the historical equity
premium has been correct. However, by varying risk aversions, the volatility
ratio is improved impressively. The Abel model and the Constantindes
model provide a similar pattern of correlation and volatility ratio, but a
slightly better result than the CRRA model. Not surprisingly, since the
Epstein-Zin model is spanned by two state variables and is more complex

Table 3.1: Three sources of pricing errors in the
CRRA model (8 =0.95)

Y | dmean p A

5 1 0.0018 | -0.66 | 0.011
15 ] 0.0074 | -0.66 | 0.031
30 | 0.0208 | -0.66 | 0.056
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Table 3.5:

Table 3.2: Three sources of pricing errors in the Abel

model (8 = 0.95)

Table 3.3: Three sources
Constantinides model (G =

Y | dmean p A

5 | 0.0005 | -0.69 | 0.018
15 | 0.0004 | -0.69 | 0.057
30 | 0.0000 | -0.68 | 0.114

of pricing errors in the

0.95,7 = 5)

9 d'fn,e(l'n. p A
0.1 | 0.0018 | -0.66 | 0.013
0.5 | 0.0017 | -0.68 | 0.031
0.9 | 0.0000 | -0.66 | 0.169

Table 3.4: Three sources of pricing errors in the
Epstein-Zin model (8 = 0.95,v = 5)

N | dmean p A
0.1 | 0.0014 | -0.71 | 0.109
0.3 | 0.0027 | 0.69 | 0.107
0.5 | 0.0020 | 0.72 | 0.465

Representation errors for various utilities for a single risky asset

Panel A: CRRA utility (8 = 0.95)

~ I, I, | Total | w,(%) we (%)
5 | -0.018 | -0.323 | -0.341 5 95
15 | -0.052 | -0.282 | -0.334 16 84
30 | -0.101 | -0.223 | -0.325 31 69
Panel B: Abel utility (8 = 0.95)

v I, I, | Total | w,(%) we (%)
5 | -0.019 | -0.320 | -0.338 6 94
15 | -0.060 | -0.264 | -0.324 19 81
30 | -0.129 | -0.174 | -0.303 42 58

Note: wy = [I,|/ (1] + [I5]), wo = s |/(|Tp] + 5 ])-
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than the previous three models, it improves both the correlation and the
volatility substantially. The correlation p is improved from the negative
value of —71% to the positive value of 72%, and the volatility ratio X is
improved from 0.109 to 0.465, which is much closer to the optimal volatility
ratio of 72%. The structural theory of asset pricing, coupled with the
above empirical results, suggests that in order to find a proper SDF, the
most important consideration is to determine which set of economic state
variables is proper. The next important consideration is to decide on the
appropriate functional form for the utility functional for these economic
state variables.

3.5.3 Decomposition of the pricing errors

Tables (3.5) - (3.7) show the pricing errors in accordance to the decompo-
sition in Corollary (3.4.2). Again, we can see that the main pricing error is
due to a mis-match of the volatilities of two SDFs, as a result of the volatil-
ity of consumption staying low (especially after World War II) while the
volatility of stocks remaining high. The correlation bias only contributes
on average 15% or less to the errors. Comparing the Epstein-Zin model
with others, we can see that its correlation bias can be reduced readily if
the elasticity of inter-temporal substitution is very small and the coefficient
of relative risk aversion is no more than 5.

Table 3.6: Representation errors for various utilities

Panel C1: Constantinides utility (8 = 0.95,v = 5)

© I, I, | Total | w,(%) we (%)
0.1 | -0.019 | -0.321 | -0.340 6 94
0.5 | -0.033 | -0.301 | -0.334 10 90
0.9 | -0.218 | -0.065 | -0.283 T 23

Panel C2: Constantinides utility (5 = 0.95,~ = 15)

© I, I, | Total | ¢,(%) co (%)
0.1 | -0.056 | -0.276 | -0.332 17 83
0.5 | -0.101 | -0.213 | -0.314 32 68
0.9 | -1.872 | 1.684 | -0.188 95 47

Note: ¢, = I,/ (|L,| + |1Io]), co = I,/ (|1, + |I5]).
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Table 3.7: Representation errors for various utilities

Panel D1: Epstein-Zin utility (5 = 0.95,v =5)

n I, I, | Total | ¢,(%) co (%)
0.1 | -0.003 | -0.303 | -0.306 1 99
0.3 | -0.090 | -0.296 | -0.385 23 77
0.5 | -0.321 | -0.180 | -0.501 64 36

Panel D2: Epstein-Zin utility (5 = 0.95,~ = 15)

n I, I, | Total | ¢,(%) co (%)
0.1 | -0.089 | -0.277 | -0.366 24 76
0.3 | -0.543 | 0.055 | -0.598 91 9
0.5 -1.72 | 0.635 | -1.085 73 27

Note: ¢, = I/ (|1,| + |Is]), co = Lo /(|Tp| + |L])-

Table 3.8: Representation errors for a portfolio of risky assets
(The utility is CRRA with § = 0.95 and v = 5)

Assets 1, I, | w—v | c,(%) | co(%)
AEP -0.019 | -0.097 | -0.117 16 84
GE 0.018 | -0.096 | 0.114 16 84
GM 0.009 | 0.190 | 0.199 4 96
IBM -0.017 | -0.156 | -0.173 10 90
XOM -0.007 | 0.126 | 0.119 5 95
Average | -0.003 | 0.032 | 0.028 10 90

Table 3.8 shows the representation errors for a portfolio of five stocks,
namely AEP, GE, GM, IBM and XOM, which are all blue chip companies
in the U.S. Again we can see that the pricing error given by CRRA’s SDF
has a small correlation bias, which contributes on average only 10%, but
its volatility bias contributes on average 90%. Finally, the GE stock has
the smallest volatility bias.

3.6 Conclusions

In this chapter, we have developed further the structural theory for asset
pricing modelling. We now have, as a refinement of the SDF theory initiated
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by Cochran (2001), an ‘algebra of operations’, with which we can derive
pricing models.

The symmetric theorem provides a way to value non-tradable factors,
such as economic indices, by reflexively using market assets and their cor-
responding market prices. The expanding theorem provides a bottom-up
way to construct asset pricing models. First we look for correctly pricing
SDF's for simpler portfolios in subspaces of an asset space. Second we com-
pound the SDFs into an advanced SDF to price correctly portfolios in the
asset space, by removing excessive cross-pricing effects among the SDFs.
For example, once we have correctly pricing SDFs domestically, then we
can compound them into a single SDF to price international portfolios cor-
rectly. The compression theorem provides a top-down way to construct
asset pricing models. To price well-diversified asset portfolios with a K-
factor structure correctly, a necessary and sufficient condition for the SDF
space to have a unique correctly pricing SDF is that the SDF space pos-
sesses a K-factor structure as well. In other words, both spaces have no
idiosyncratic risk and only K factor risks are left to be considered. Cochrane
(2000) has used this fact without giving a rigorous proof. A combination
of the expanding theorem and the compression theorem provides us with a
routine with which we can value portfolios at different levels. Based on the
theory of corporate finance, the theory of interest rate and the theory of
derivative pricing, the valuation of an individual security is well developed.
However, portfolio valuation, especially risk arbitrage portfolio valuation,
well-diversified portfolio valuation or index valuation, is less so. See Co-
hen (2004) for example. Finally, the pricing error theorem indicates a way
to measure how well a given SDF does the pricing job, by first project-
ing two SDFs (the given SDF and the unknown correctly pricing SDF)
into the asset space, and then measuring the distance (using for exam-
ple the Hansen-Jagannathan distance) between the two projected proxies.
Three sources of pricing errors are identified as the differences in the means
of the two proxies, the differences in the volatilities of the two proxies,
and the imperfect correlation between the two proxies. Our empirical re-
sults show that the main contribution to the pricing error is the difference
in volatilities.



Chapter 4

Investment and Consumption in a
Multi-period Framework

4.1 Review of Merton’s Asset Pricing Model

In Merton’s multi-period framework (1973), there is no restriction on the
consumption beyond its being non-negative. However, not every investor
will agree with this lack of restriction. One simple example is to do with
endowment funds (Thaler & Williamson, 1994), such as the Nobel Prize
fund. There are at least three reasons why the Nobel prize committee
would need to impose some consumption discipline. The first is that, every
year, a fixed amount of cash is taken out from the fund to provide the Nobel
prizes to the winners. The second is that the growth rate of the endowment
funds needs to keep abreast of the inflation rate. The third is that it was
the wish of Nobel that the Nobel prize fund should last forever.

In the habit models of Abel (1990), Campbell and Cochrane (2000),
and many others, it is generally accepted that it is human nature to keep
improving one’s living standards. If the consumption is below somebody’s
habit level due to some reason, the person will feel unhappy and attempt
to overcome the relatively hard time. A reasonable assumption is, in our
opinion, to treat the consumption habit as a consumption constraint, ¢; >
ht, where ¢; is the consumption level at time ¢ and h; is the consumption
habit at time ¢.

The relationship between the volatilities of the consumption and the
stock markets has attracted attention in recent years. Poterba (2000) finds
the ‘wealth effect’ by examining the relationship between the total con-
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sumption and the total wealth of the stock market. His result shows that
one US dollar change of the total value of the stock market will bring about
one to two cents of change in the consumption. If we assume that the stock
market is complete, then the consumption habit is spanned by the portfolios
in the stock market.

Financial Model

Let (22, F,P) be a complete probability space, and (Fi)o<i<7 a filtration
satisfying the usual conditions. Fy = o{0,Q}, Fr = F, where positive
number 7' is a fixed and finite time horizon. We consider a security market
which consists of m 4 1 assets: one bond and m stocks. The price of the
risk-free bond at time ¢ is ¢!, where r is a non-negative constant. For
j = 1,---,m, the price of stock j at time t is Sg and S7 is a strictly
positive semimartingale with cadlag paths. For notational convenience, we
set S =(St,.-.,8™).

Stochastic integration is used to describe the outcomes of investment
strategies. When dealing with processes in dimensions higher than one, it
is understood that vector stochastic integration is used. Interested readers
may wish to refer to Protter (1990) for details on these matters. We use
the notation fot HdX or (H.X),; to stand for the integral of H with respect
to (or w.r.t. for short) X over the interval (0,¢]. In particular, (H.X)q = 0.

A probability measure Q is called an equivalent martingale measure if
it is equivalent to the historical probability measure P and the discounted
price processes of stocks (e~"*S}) is a (vector-valued) Q-martingale. By M
we denote the set of all equivalent martingale measures. We make the stan-
dard assumption that M is not empty to exclude arbitrage opportunities.
The security market is called complete if M is a singleton, or else we say
that the market is incomplete.

We assume that the market is complete and there is a unique probability
measure Q, which has a density function ¢; = E [% | Fi],t€10,T], in M.

Trading Strategies

A trading strategy is an R™*1-valued F;-predictable process a = {a°, v},
such that 1 is integrable w.r.t. the semi-martingale (S, S), where 1 =
(al, -+ a™) and 04{ represents the number of units of the asset j held at
time ¢, 0 < j < m. The wealth W;(a) of a trading strategy a = {a®, ¢}

at time t is Wy(a) = a?SY + ¢, - Sy, where 9, - S; = ZTZI ozng. A trading
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strategy o = {a®, 1} is said to be self-financing if
dW, (Oé) = —¢dt + Oztd(S?, St),t S [O, T], (41)

where ¢; is the consumption at time t.

It is easy to see that for any given R™-valued predictable process i
which is integrable w.r.t. S and any real number x, there exists a real-
valued predictable process a° such that {a 1} is a self-financing strategy
with initial wealth z.

Because we have assumed that the market is complete and there is a
unique probability measure Q in M, every contingent claim in this market,
therefore, can be replicated by a self-financing trading strategy.

Inter-temporal Investment and Consumption Problem

The investor endowed with an initial wealth Wy > 0 tries to find the opti-
mal consumption and investment decisions to maximize his total expected
utility, i.e.

T
£ U (et | 42
(coran) te[0,T] (/0 e (ct) ) (4.2)

where p is the time preference of consumption and U(c¢) is the consumption
utility function satisfying

e U(c) has continuous second order derivative function on [0, T;
2
e U.=%>0,U.=2Y <0

Cc— 00

e U.(0) = 1(1%1 U.(c) = 00, U.(0c0) = lim U.(c) = 0.

The utility function
U(e) =/ (4.3)
is called the CRRA (Constant Relative Risk Aversion) utility function.

Consumption Habit Constraints

There exists a real valued Fi-predictable habit consumption process hy :
[0, 7] x Q — satisfying !
ct > he,t €10,7T). (4.4)

We shall refer to the above inequality as a consumption habit constraint.

Hereafter inequality is valid with probability 1.
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There are several types of habit process. One broad class is proposed
by Detemple and Karatzas (2001), which gives that

dht = (5ht — O[Ct)dt + (S'I']édBt, (45)

where hg > 0, > 0, > 0 are given real constants, 7; : [0,7] x Q@ — R™ is
a bounded, progressively measurable process and B; = (B}, BZ,--- , B")
is the price driving Brownian process on the probability space (2, F,P).

If we let a = 0,0n; = hiop,, then the Detemple and Karatzas’s habit
becomes

dh
h—t = fimdt + 0, dBy, (4.6)
t

which is studies in details in Cheng and Wei (2005).

4.2 Optimal Decisions of Investment
and Consumption

4.2.1 Martingale approach to the asset pricing model
without consumption habit constraints

In this section we review some classic results of Merton’s Model, in which
there is no consumption habit constraint. Given time-separable preferences
defined over consumption and initial wealth Wy > 0, the optimal portfolio
and consumption problem without consumption habit is

T
max [E / e PtU(cy)dt |,
(ct,a),t€[0,T] 0

with budget constraints given by (4.1).

Martingale Approach

Cox and Huang (1989), Karatzas, Lehoczky and Shreve (1987) and Pliska
(1986) have suggested a martingale approach to inter-temporal consump-
tion and portfolio choice that takes advantage of the properties of the
stochastic discount factor in a complete market. The martingale method
exploits the fact that, under assumptions of no-arbitrage and market com-
pleteness, there exists a unique and positive state price ¢, satisfying

Et[¢usu] =E [¢usu|.7:t] = (tht, fO’I“ u > t. (47)
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The process ¢; can be interpreted as a system of Arrow-Debreu security.
That is, ¢; is the claim to one unit of consumption contingent on the
occurrence of each state. Then the price of the asset is given by the weighted
average of the prices of the payoffs of the states, with each weight being the
probability of the relevant state occurring. With the help of ¢, the Merton’s
dynamic optimization problem can be changed to a static optimization
problem. The budget constraint (4.1) becomes a static budget constraint

T
E [/0 Ct¢tdt‘| = qb()W(), (48)

which says that the amount the investor allocates to consumption in each
state multiplied by the price of consumption in that state must equal his
total wealth. By the same reasoning, for any ¢ € [0, 7] and any self-financing
trading strategy «, the following equality holds

E l/tT CuPudu

The optimal consumption is given by

]:t‘| = ¢ Wi(a). (4.9)

C: = Ucil(/\eptqbt)vt € [OaT]v (410)

where ) is determined by E [ fOT c;‘@dt} = ¢oWp and U ! is the inverse

function of U..

4.2.2 Martingale approach to the asset pricing model
with consumption habit

In this section we discuss the strategies of investors with consumption habit
constraints. We will show that the optimal consumption strategies are
related with consumption insurance.

The following proposition is the main result, which gives the optimal
consumption decision to Merton’s problem with consumption habit con-
straints. Before stating it, we need to guarantee that the initial endow-
ment, Wy say, is affordable for the future habit consumption; at least the
consumption habit constraints should be satisfied. Specifically

1 T
Wo 2 —-E VO ¢Shsds] : (4.11)
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where the right-hand side is the total discount value of the future consump-
tion. We say that Wy is affordable if it satisfies (4.11). From now on we
assume that W, is affordable.

Proposition 4.2.1 The optimal consumption is given by

o (X if 6 < BN,
) = {ht if 6> AN, (4.12)

where ¢ (N) = U.(hy)/Ae?t, Xy(N) = U7 (NePtgy), t € 0,T), and A > 0 is
the root of the equation

T
El/o (Xt(AWtf{msw(A)}+ht¢t1{¢t>¢?<x>})df] = Wodo. (413)

Moreover c;(\) can be re-written as
¢ (A) = max ((X¢(A), he) (4.14)

and correspondingly the optimal wealth process is given by

Wr(\) = éE [/tT s max(X,(N), hs)ds ]—'tl , te[0,T]. (4.15)

Sketch of proof: As the full proof is rather long, we give only the key
points here. Interested readers can consult Cheng and Wei (2005) for de-
tails. First we need a Lemma.

Lemma 4.2.2 For any given t € [0,T], let f(c) = e P'U(c) — Aoy +
Nie>n,y, where X is given by (4.13), and

ne = e PPUUT (NP ) — AU (NePb )y — e PPU (he) + Ahipy.
Then the function f(c) attains its mazimum at ¢§ defined in (4.14), that is,

max_f(c) = f(c]) (4.16)

0<c<0

and n > 0.

We can prove this lemma in two steps. The first step is to prove n > 0. The
function f(c) is a corrected concave function, which is moved upwards by 7
and no longer a concave function with a jump point at ¢ = ¢*. So a possible
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candidate for the maximum point will be at ¢ = ¢* among other possible
candidates. The maximum point will be obtained by comparing these pos-
sible candidates. The second step is to prove that c; is the maximum point.
We omit the details.

Now, assume that ¢, t € [0, 7], is a strategy satisfying the static budget
constraint (4.8) and habit constraint (4.4), so that

E

T
/ C(t)@dt} < Wooo, (4.17)
0
and ¢; > hy,Vt € [0, T]. From the definition of A we know

E

T
/ C:¢tdt‘| = W()¢(). (418)
0
Therefore we have

T T
E / U (edt| - B / =P (¢)dt
0 0

T T
> E / ()t | — B / e_th(ct)dt]
0 0
T T
- F )\/ C:Qﬁtdt +E A/ thbtdt
0 0
T T
+E / Nilic;>nydt| — B / Wtf{ct>ht}dt]
0 0

T
/0 (f(c;) — f(ct>)dt] >0 (4.19)

Remark 4.2.3 From (4.10) we know that Xs(X\) is actually the optimal
consumption process without the consumption habit constraint (4.4). The
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optimal wealth process (4.15) can be re-written as

.

1 T
Wi =—E / s max(Xs, hy)ds
fon ¢

T
= / e "D Eg [ hy| F]ds

t
T
+ / @—T(S_t)EQ[maX(XS — hs, O)| ]:t]ds- (420)
t

In words, the optimally invested wealth at time t is composed of two parts,
one part being the wealth which finances the habit consumption in the future
after time t, another being the total cost of a consecutive set of call options
of the process {X,,u € [t,T]} with the stochastic striking price hs € [t,T)
at time s.

Remark 4.2.4 Let us consider again Merton’s problem with a different
initial endowment W, < Wy. In the above subsection, we have stated that
the optimal consumption process is

k() = U (et dy),

w,t c

where A\, is the root of the equation

T
E [/O c;,t(xu)@dt} = doW,.

Then Ay is a function of the initial endowment W,,. Therefore if Wy, is suit-
ably chosen we can make A\, = X\ and then the process Xs(\) = U7 (AePt )
is the same as the optimal consumption process c;, ,(Au); that is Xi(\) =
cy (M) From now on we will call Xy,t € [0,T], the optimal consumption
process of a relevant Merton’s problem with a relevant initial endowment
W, It is easy to see that W,, < Wy because c; > cq*m.

4.3 Optimal Investment Behavior

In this section we study the optimal investment behavior of an investor
with consumption habit constraints and without labour income. We will
see that the portfolio insurance strategy plays a central role in the con-
sumption shortfall risk; the benchmark of a shortfall in the consumption is
the consumption habit.
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For simplicity of explanation, we assume that the market consists of
just two assets (i.e. m=2), one being a risky asset that prices according to
the geometric Brownian dynamics dSy; = p.Sdt + 0.5:dBy, another being a
riskless asset that earns a constant instantaneous rate of interest, r > 0,
so that dR; = rRydt, Ry > 0. In this case, the dynamics of the state price
density is

dopy = —rdudt — kpdBy, (4.21)
where k = 0~ !(; — 7). The budget constraint (4.1) becomes

AWy = [ We(p — 1) + Wir — ¢¢)dt + o, Wiod By (4.22)

The general utility

Proposition 4.3.1 Assume that the optimal wealth process W, can be
expressed as a function of {S¢, ¢i,he}, so that there exists a function
ft,z,y, z) satisfying Wi = f(t,St, ¢i, he). Assume that f has continuous
second-order derivatives with respects to {t,x,y,z}. Then the demand for
the risky asset by the investor with Detemple and Karatzas’ consumption
habit (4.5) is given by

o — Stfa: ¢tfy ntfz 715.

— -1 4.2
T Wy Ko+ W o (4.23)
Proof: By Ito Lemma we have
AW = (ﬁf + ft)dt + (fzStU + fyZis + f25nt)dBt’ (4.24)

where £ denotes the Merton differential generator of (S, ¢, h) under P.
(Lemma 5.1 in Merton (1990).) At the same time the optimal consumption
and the optimal portfolio satisfy the budget constraint (4.22). The demand
for risky asset is obtained by comparing the coefficients of the stochastic
parts of (4.22) and (4.24) and the uniqueness of the Itd’s process.

Q.E.D.
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In words, the proposition says that after adding the consumption habit
constraint, the demand for risky asset becomes
demand for risky asset = myopic demand based on asset’s
risk premium
+ hedge demand against adverse change
in investment opportunity

+ hedge demand against adverse
consumption with change of wealth.
(4.25)

The CRRA utility

In order to gain further insights on how consumption habit constraints
affect the investment behavior, we specify the utility to be a CRRA utility
of the form (4.3) and consumption habit as (4.6). For a general utility as
discussed in the last section, the effect of the consumption habit constraint
is that the optimal investment decision needs to hedge adverse consumption
with change of wealth.

Proposition 4.3.2 The optimal wealth process of an investor with the con-
sumption habit (4.6) is given by

W =wf +w/, (4.26)
where

T—t
WY = X, / "N (dy (u))du,
0

Wi = h, /0 T e (1 N (dy) du (4.27)

LR — (r+ < ) (4.28)
l—y 1-v 21 =)

oy = 1i7/€—0'm, Lo =7+ OmK — fhm, (4.29)

iy = 0 /) +J([i,/nﬂ Pt/ )

v
da(u) = di (u) — 0y, (431)
X; = (e /Y (4.32)

and N (-) is the standard normal distribution.
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Proof: Let
efrTYT

Fr="%

d 1
d%'}—T = exp <—/~@Bt — k%t

dQy
2 b

dQ
Let u € [t,T] and s € [t,u]. Define Z, = 1/¢;, pu, = pm — omk and
Y, = e*“:n(s’“)hs, which has the same terminal payoff as hy at time u and
is a martingale under measure Q. Therefore we have

(4.33)

e "R [hy | Fi] = e T Eg [hy|F] = el @0, (4.34)

It is easy to see that U ' (z) = 2= /0=7). Now, let X, = U Y(e”*Z;1) =
(e”’“Zs)l/(lfv), X, = £« By Itd’s Formula and according to (4.21) we

Ys
have
dX, 1
% — <r* + 02 — O'm/i) ds + 0,dB2
X, L—vy
= r*ds + 0,dBY", (4.35)
where o, = ﬁlﬂ — o and ¥ = ﬁ(r + ﬁ/@ —p).

Now, let X, = e~ (=% X which has the same payoff function as X,
at the terminal time u. From (4.35) and by It6’s Lemma we know that X is
a Qy-martingale and the mean part is zero. By the Black-Scholes formula,
the value of a call option with underlying price process X, striking price 1
and riskless return rate 0 under martingale measure Qy is

Eg, (max(X, — 1, 0)‘ Fi) = Eq, (max(X, — 1,0)| 7)
— X,N(dy) — N(da),
where

e~ (t—u) (e*pt/¢t) 1/(1=7)

v o i (t—u) v
Xi=e Xe = e =0,

(4.36)

After some tedious calculations, the proof of the proposition is completed.
Q.E.D.

Proposition 4.3.3 The demand for the risky asset at time t by the investor
with Cheng and Wei’s consumption habit (4.6) is given by
-1

o _
af = 7= 7oztg + o Yomal (4.37)

=aoM + Hy, (4.38)
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where

af = WP /Wi, o =wiwy, (4.39)

H, =—-c! <1 E'y — a'm) a{, (4.40)
1

oy, W7, W/ are defined as in Proposition (4.3.2) and oM = =

Proof: From result (4.26) it is not difficult to get
(€77 /) ™7 e ™ n(dy) — hye P n(dg) = 0, (4.41)

where n(.) is the density function of a standard Normal distribution. By
direct calculations and using the above equation, we have

1
Substituting the above equations in (4.23) and using the fact that the op-
timal wealth is independent of the price processes we get our result.

Q.E.D.

As indicated in the comments after Proposition (4.3.2), we call of a growth
wealth ratio and ozf a floor wealth ratio.

Remark 4.3.4 Let us examine again the investment strategy (4.37). We
can re-write it as

ST * 0'71/{ * f -1 f
a; Wi = 1_7(Wt -W)+o o, W;

=1+ I». (4.43)

In other words, the optimal investment strategy is a combination of two
strategies, the first one being the famous strateqy CPPI (Constant Propor-
tion Portfolio Insurance-Leland and Rubinstein, 1986). If 0., = 0, then the
investment strategy becomes a CPPI strategy with m = /(1 — ), showing
the risk aversion of the investor. The second strategy is also needed because
the consumption habit is uncertain too due to o,, # 0; in other words, the
investor will take the chance of investing more by being willing to have pos-
sible lower consumption habit. The investors can lower their risk aversion
if they are willing to lower their living standard.
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4.4 Conclusions

In this chapter we first argue that for a large group of investors, their port-
folio and consumption choice problem must be linked to the consumption
habit constraint. For this new choice problem, by using the Cox and Huang
martingale approach, we can obtain an optimal wealth path and demand
for risky assets under a general utility. In the case of some special habits
and under the CRRA utility, analytic solutions are obtained. Furthermore
we have arrived at two interesting and important conclusions: (1) Beyond
the Merton’s decomposition formula for investor’s demand for risky asset,
the demand has a third component to hedge against adverse change of
consumption such as the willingness (or reluctance) to maintain the living
standard, and others. (2) After imposing the consumption habit require-
ment, even for the CRRA utility, the investor’s optimal strategy is related
to the CPPI strategy.
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